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ABSTRACT

We study the phenomenon of nonfactorization in 1 4+ 1 dimensional quantum
gravity through the lens of Jackiw-Teitelboim (JT) gravity and its dual construction as
an SL(2,R)" BF theory. After constructing the classical and quantum Hilbert space,
we derive the Schwarzian boundary dynamics, interpreting their residual symme-
tries as underpinning boundary entanglement and nonfactorization. From the Eu-
clidean path integral perspective, we note how nonfactorization manifests as con-
tributions from connected bulk moduli to the topological expansion. In Lorentzian
signature, we analyze nonfactorization via entanglement in the Thermofield Double
state |TFD(B)) and discuss further the restrictions Lorentzian physics may impose on
valid bulk moduli. Acknowledging these limitations, we outline a construction of the
Saad-Shenker-Stanford [1] matrix integral which realizes Euclidean JT gravity as dual
to a nonperturbative, ensemble-averaged boundary theory. To clarify the role of the
ensemble in resolving the chaotic dynamics of JT gravity, we develop a fine-grained
construction of the JT path integral which incorporates the full spectra of Schwarzian
dynamics. Our discussion refines the multiple mechanisms of chaos in JT gravity,
though we stress the need for further nonperturbative developments to clarify the

relationships between JT gravity, ensemble averaging, and quantum complexity.
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1 INTRODUCTION

From the genesis of their respective developments, quantum mechanics and general rel-
ativity have existed in a quiet tension. As a consequence of the former, theories of matter
came to recognize that fundamental forces were not a continuous object, rather their in-
teractions were better described by quanta: indivisible carriers of mass, charge, or spin.
These theories of “quantum fields” describe particle interactions as localized, quantized
excitations of these fields.

These fields, however, are subject to the Lorentz invariance postulated by general rela-
tivity. Just as Newtonian equations of motion are determined by their Euclidean symme-
tries, a quantum particle’s behavior is understood by its transformation under the Lorentz
group SO(1,3), which manifests the symmetry! of Minkowski spacetime in general rela-
tivity.

Naturally, the mid-century goals of physics largely aimed at reconciling these two
paradigms. Quantum Field Theory (QFT) was the treatment of these quantum fields in a
relativistic sense, such that they respect the symmetries embedded in the structure of the
particles and spacetime alike. However, in formulating these quantum field Lagrangians,
it was noticed that many successful theories had a redundancy in their mathematical

structure. For example, the theory of Electromagnetism — which characterizes the in-

ncluding translations in space and time, the full symmetry group is actually ten-dimensional, given

by the Poincaré group R3*! x O(1,3)



teractions of the Electric and Magnetic fields — can be more aptly described in a field-
theoretic sense by a Lorentz-invariant four-vector potential, A. The QFT Lagrangian for
this theory, whose equations of motion descend into Maxwell’s equations, can be de-
scribed by the Lagrangian:

1
E — _ZF]’[VP#V; Fl’“/ — aVAV — ayAl/l (1.1)

This Lagrangian contains a symmetry; a shift in the fields under which it is invariant.
This is known as a local gauge symmetry [2]. In the Electromagnetic theory, it manifests
as shifting A by a total derivative, which shifts the Electromagnetic field by a local phase.
One important consequence of local gauge symmetry is the correspondence with con-
served internal symmetries of particles, such as charge or spin. If, for example, a charged
scalar field interacts with the electromagnetic potential, the local gauge symmetry A(x)

manifests as a U (1) symmetry in the phase of the charge:

Ling = —i(0u9* ¢ — ¢ 9uep) A¥ (1.2)
AL (x) = Ap(x) +9uA (x) (1.3)
¢ = gt (1.4)

These local gauge symmetries, or redundancies in the field description of the particle,
give rise to the gauge bosons with the corresponding symmetry. In the case of the above
U(1) symmetry, the gauge boson is the photon (7).

This is the framework on which the Standard Model is built. Further symmetries of

9



the Weak/Strong interactions give subsequent SU(2), SU(3) gauge symmetries, which

give rise to the weak gauge bosons (W+, W—, Z%) and (eight) gluons, respectively [3, 4, 5].
1.1 A QUANTUM THEORY OF GRAVITY

Given the successes of gauge theories in quantizing the non-gravitational forces, quantiz-
ing gravity was the natural next step for QFT to reconcile quantum mechanics and general
relativity. Unfortunately, this has proven to be quite difficult. Along with the other gauge
bosons, gravity was suspected to quantize into a spin-2 “graviton”. However, for a quan-
tum field description to be valid, it must be renormalizable: that is, it must not diverge
at high energies. The perturbative methods in QFT, when applied to general relativity,
proved gravity does not permit a perturbative, normalizable form [6].

The following decades were rich with theoretical insight: Inspiration from earlier at-
tempts to incorporate gauge fields as extra compact? dimensions [7, 8] were reignited
during the first Superstring revolution of the 1980s. Specific higher-dimensional mani-
folds were shown to, under compactification, reduce to renormalizable theories of grav-
ity. These theories relied on a speculative supersymmetry (SUSY) between bosonic and
fermionic matter, but they nonetheless have become standard tools of analysis due to
their generality and elegance [5, 9]. These models are today understood as limiting cases

of a more general, 11-dimensional M-theory [10] which defines the string theory land-

2In the language of manifolds, “compact” refers to periodicity in a dimension: circles are compact; lines

are not.
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scape. Perhaps the largest breakthrough, however, came in 1997, when the AdS/CFT
correspondence was first realized by Juan Maldacena [11].

The correspondence can be understood as a dictionary between two theories: A “bulk”
quantum gravity theory in a d 4 1-dimensional AdS spacetime, and a dual conformal field
theory? living on the d dimensional boundary [12, 13]. A gravity state ¢ living in the bulk
is characterized under this correspondence by the generating functional of correlation
functions in the CFT:

Zeraolpa(x)] = (ef Pxtp (OGN (1.5)

More specifically, one can describe the asymptotic deformations of AdS space as a

perturbative sum of CFT tensor expectation values:*

Suv(z,x) ~ % + zd_2<T;fVFT(x)) + ... (1.6)

Theories deriving from this correspondence are referred to as “holographic”, as the
bulk physics can be entirely reconstructed from the boundary CFT information via this
correspondence [14, 15]

The interest in AdS, gravity in particular is characterized by its anomalies. Two-
dimensional gravity is unique in that the number of dynamical degrees of freedom re-
duces to zero, making the theory topological, thus dynamically trivial. Besides being par-

ticularly simple to work with, it also emerges in the near-extremal geometry of Reissner-

3 A brief introduction to CFTs is provided in Appendix C
“Where z is the distance to the boundary, and x# = {0,1,...,d — 1} parametrize the d-1 coordinates of

the boundary.
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Nordstrom black holes, where the event horizon can be understood as the conformal
boundary of locally AdS; space [16]. In such a case, we also obtain a dynamical (dilaton)
tield ¢ corresponding to the transverse volume of the black hole, allowing for nontrivial
dynamics: This description of gravity was first discovered in the 1980s, and is known as

Jackiw-Teitelboim (JT) gravity [17, 18], which has an action given by:

— 1 2
S = 1enc; V8 (R -20) 9 (17)

JT gravity is especially useful as a theoretical laboratory for quantum gravity research:
It retains many of the topological features of generic two-dimensional gravity, yet it per-
mits a rich-yet-solvable spectrum of dynamics which have continued to provide insight
over the decades. The theory also benefits from having an alternative factorization in
terms of “BF Theory”, a topological gauge theory of gravity motivated from a more gen-
eral formulation of General Relativity. In BF theory, one considers a scalar field “B” which

(acts as a Lagrange multiplier), and a curvature two-form F derived from a gauge field A.
Spr = / Tr(BF), F=dA+AAA (1.8)
b

When A lives in an abelian gauge group, note that F « F,,F/" as in equation (1.1).
However, BF theory is more general than this — as we will see, a certain nonabelian
gauge group G = SL(2,R) will provide us with a dual theory to JT gravity from which
we may examine all of the defining properties of the theory.

In fact, one property of JT gravity in particular will prove exceptionally interesting.

12



In its Euclidean formulation, JT gravity possesses so-called “spacetime wormhole” solu-
tions, which prevent the theory from factorizing. More specifically, one cannot in general
describe states in JT gravity as dual to a unique tensor-product of states on the boundary.
This may not seem significant at first, but it stands in violation to the traditional interpre-
tation of AdS/CFT duality, where one expects bulk physics to have a unique, holographic,

quantum-mechanical dual theory on the boundary.

Figure 1: An illustration of a spacetime wormhole, connecting two (otherwise disconnected) regions of AdS

spacetime. Illustration from [19].

For more complex bulk geometries, JT gravity forbids this: It is this puzzle of non-
factorization that has spurred much of the recent literature, forcing a confrontation with
AdS/CFT.

Two main interpretations of this “nonfactorization puzzle” have arisen: The former,
suggested by Harlow and Jafferis [20] in 2018, posits that nonfactorizing bulk geometries
computed in the Euclidean signature do not prohibit a unique dual boundary theory.
Their reasoning is that the Euclidean gravitational path integral (See Section 5.1) is not

well-defined on a set of boundaries which do not connect a bulk: since nonfactoriza-

13



tion arises only when considering each boundary as a unique Hilbert space, one cannot
meaningfully describe such boundaries as unique in the first place. The Lorentzian for-
mulation of JT gravity seems to support their conclusions, as many of the more complex
bulk geometries are not well-defined as they are in the Euclidean signature.

The alternative perspective has been much more influential, however, due to its re-
markable conclusions. In the same year, Saad, Shenker, and Stanford?® proved in their
work “JT Gravity as a Matrix Integral” [1] that the full Euclidean expansion of JT gravity
can be expressed non-perturbatively as dual to a double-scaled random matrix integral.
That is, their work proved a duality between Euclidean JT gravity and a boundary theory
which is not described by a unique Hamiltonian, but by an “ensemble” of Hamiltoni-
ans, where a given state’s eigenvalue distribution depends on a statistical distribution of

boundary theories, rather than a particular one:
z = [dHe V) (19)

Where the full partition function then requires an integral over all Hamiltonians, where
the given probability of a particular draw is determined by a potential function V(H).
This has the consequence that partition functions cannot be computed exactly; the parti-
tion function for a connected manifold with (1) boundaries is then an expectation value.

Zn (,Blz Y ,Bn)>conn = <Zn(,31/ ceey ,Bn)>conn (1-10)

5Since this trio appears constantly throughout this work, we herein refer to them (and their seminal

work) as “SSS”.
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Explicit matrix models — such as the Sachdev-Ye-Kitaev (SYK) theory [21, 22] —
which share the properties of the random matrix dual in Saad Shenker and Stanford have
been discussed, however, a full interpretation of the meaning and depth of the random
matrix dual remains to be fully understood.

Due to the significance of nonfactorization and its divergent interpretations for holog-
raphy and quantum gravity, this thesis seeks to understand the rationale and potential
reconciliation of these divergent opinions, ideally culminating in a unified understand-
ing of nonfactorization and ensemble averages, and how they reconcile with the search

for a quantum theory of gravity.

1.2 OUTLINE

To reach a discussion on the above issues, we must first begin with the development of the
underlying theories. In chapter 2, we begin by tracing the lineage of JT gravity, deriving it
from the familiar Einstein-Hilbert action. We also reformulate the theory in the language
of BF theory, introducing mathematical machinery as we go. In chapter 3, we introduce BF
theory in more generality, striving for pedagogical clarity toward its classical observables
and symmetries.

In chapter 4, we quantize the theory — this is a necessary step to understand the mi-
crostate structure of the theory, especially when considering the full space of boundary

dynamics. This will require an examination of gauge fixing to determine the quantum
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Hilbert space of the theory, especially the states on the boundary. We also introduce the
Wick-rotated, Euclidean version of the theory, providing a more sophisticated analysis
of the full structure of the SL(2,R) theory. Armed now with the necessary formalism,
in chapter 5 we dive into the factorization puzzle, exploring it from the perspective of
the Euclidean gravitational path integral. This naturally leads to a discussion on worm-
holes and entanglement, considering nonfactorization from a Lorentzian perspective on
Thermofield Double (TFD) states.

In chapter 6, we explore the multiple resolutions to nonfactorization in greater de-
tail. We begin with an overview of the Harlow-Jafferis perspective, yet spend a majority
of the section constructing the Saad-Shenker-Stanford (SSS) ensemble dual, weaving to-
gether random matrix theory, moduli spaces, and topological expansion in the process. In
chapter 7, we expand on the SSS construction, reformulating the procedure such that the
“fine-grained” boundary structures are preserved. We analyze the early-time behavior
of the leading contribution Spectral Form Factor (SFF), utilizing it as a heuristic, heavily-
qualitative tool to probe the potential separate origins of chaos in JT gravity. The sec-
tion then concludes with a discussion on the multifaceted role of chaos evident from the
fine-grained prescription, as well as its suggestive connections to other open questions in
quantum complexity theory. Chapter 8 provides a retrospective summary of the work, as

well as some concluding remarks.
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2 CLASSICAL AdS; GRAVITY

To understand and motivate the study of J T gravity, it is vital to understand where it arises
in nature. Unlike most AdS,, theories of gravity which are studied for their mathematical
simplicity, JT gravity is unique in that it arises naturally at the horizons of charged, non-
rotating black holes known as Reissner-Nordstrom black holes. In the standard formu-
lation of Einstein-Hilbert gravity, the lack of dynamical degrees of freedom in the metric
give an action that is diffeomorphism-invariant, proportional to the Euler characteristic
of the spacetime:
Spr = /M d2x\/—gR = Ay (M) 2.1)
In the 1980s, it was discovered that 2D gravity becomes much more dynamical-and
interesting—when an additional background “dilaton” field was introduced [17]. This
tield couples to the Ricci curvature of the spacetime, breaking the diffeomorphism invari-
ance and leading to nontrivial equations of motion. While the original motivation for
the dilaton was string-theoretic, it manifests in naturally as the “volume” of the cross-
sectional element in a compactified spacetime. As we shall see, in the case of a black
hole, one can consider the action restricted only to the {¢t,7} coordinates, contracting the

transverse S2 to a scalar-valued dilaton field .
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2.1 EINSTEIN-HILBERT GRAVITY

We begin this story with the standard Einstein-Hilbert action on a flat, R3*! Lorentzian

spacetime with a background Electromagnetic field:®

_ 1 4 — . 1 nv
SEH = m/d x/—84(R g EwF ) (2.2)

Since we will be considering the reduction of this action around a (near) extremal
Reissner-Nordstrém black hole, we can assume that the solution will contain S? symme-

try, and hence we rewrite this action under a spherically-symmetric ansatz:

ds* = gﬁ)(x)dx”dx" + P (x)2d03 (2.3)
F = Qsin(0)d0 Nd¢ (2.4)
Where ®(x) encodes the radius, giving a constant value on d)3, and y, v are indices

{t, r} labeling the non-compact coordinates. Denoting R to be the two-dimensional Ricci

curvature, we rewrite the Einstein Hilbert action in terms of the SO(3)-symmetric vari-

ables
2 2 2
R=R—-=V®—- —(VP)?+ =
R— =V — — (Vo) + -
g4 = g®*sin?(9)
We remove boundary terms, and are left with the following generic solution [23]:
Sop = ﬁ [ /=g @*R +2(V0) +2 2.6)

®G will herein be the Gravitational coupling constant in four dimensions.

18



Which we will insert into the Reissner-Nordstrom solution. This is the most general
form which the Einstein-Hilbert action in a massless background can take in two dimen-

sions.

2.1.1 ROBINSON-BERTOTTI GEOMETRY AND THE ADS; THROAT

The Reissner-Nordstrom [RN] solution [24][25] represents a static black hole with mass
and charge {M, Q}. As visible from the solutions for r., this solution is unique from its
non-charged counterpart in that it has two event horizons. However, in the limit where a
RN black hole accumulates enough charge, it approaches a distinct geometric change in
its geometry: at Q < M+/G, the gap between the horizons vanishes, and the temperature
approaches zero. In this limit, the RN black hole develops an AdS; “throat”, and the
geometry factorizes into AdS; x S: This is known as the Robinson-Bertotti (RB) geometry
[26, 27].
Asymptotically 4d Flat

[ 7

AdSo xS?

Horizon

Figure 2: An illustration of the “splitting” of the Robinson-Bertotti geometry. (Photo from [23])

This near-extremal, low-energy regime is of particular interest to JT gravity, as the

19



near-horizon geometry here develops an AdS, “throat” on the order of

1 4mr?
~Y — pr— .7
Ethroat IOg (T) 1Og <1’+ — 1’_> (2 )

Where T is the Hawking temperature of the black hole [28, 29]. We hence derive the

conditions appropriate for the application of JT gravity, deriving the dilaton as a byprod-

uct of the spherical area of this throat. Consider the Reissner-Nordstrém metric:

2 A

r

This metric has coordinate singularities at the inner and outer radii, given by

ri = GM £ /GZM2 — GQ? (2.9)

Which, as alluded to above, are equivalent at extremality. Taking this limit geometri-

cally, we take the following limit on 7, using p as a dimensionless parameter and taking
r=ry+ep €e—0 (2.10)

Which, substituted into the above metric yields:

f) =L 1o dp=lar (211)
Q%G €
2.2 2
ds? = — ;detz + szdeZ +Q%Gd03 (2.12)

Rescaling time such that T = Q\Tﬁt, we are left with

2
ds?> = Q*G(—p?dt* + ‘;iz +d03) (2.13)

Which gives precisely the Robinson-Bertotti geometry, AdS, x S2.

20



2.1.2 DILATON FROM ENTROPY: JACKIW-TEITELBOIM GRAVITY

We now wish to marry these two pieces of insight into obtain the expression for JT gravity.
To connect this to the 2 dimensional action (2.2), recall we defined ® = r, and thus in the

near-extremal limit:

®? = 12 = QG + 26pQV G + O(€?) (2.14)

(VD)% =0+ O(e?) (2.15)

where € < 1 parametrizes deviations from extremality. The vanishing of (V®)? at
leading order is a consequence of the Robinson-Bertotti (RB) geometry near the horizon
[26, 27]. In this limit, The RB geometry AdS; x S2 admits only modes that are symmetric
on S? in the low-energy limit; that is, off-diagonal excitations (e.g., gue) would diverge
due to the infinite throat and are thus excluded [11].

In line with the literature, we also assign a new variable, ¢, to account for the small
near-extremal deviation in ®:

? ~ Q%G + ¢(x) (2.16)

Which encodes the transverse area of S? in the near-horizon limit. With these condi-

tions, we substitute back into the action (2.4):

1
S = —/dzxw/—g[(QzGJr(p(x))RnLZ] (2.17)
167G
Where our AdS, has characteristic scale A = —2/1%, which rescales to Aegg = —1/ Gﬁ

By the Gauss-Bonnet theorem, the term o /—g is topological and does not contribute to

21



the action. Rescaling units, we are left with

_ 1 2
511 = 1oy | XV -8R 209 (2.18)

Which gives the JT Gravity action in the bulk AdS,. By varying ¢, we see that the
action enforces a constant negative curvature R = 2A.g. To get the equation of motion

for ¢, we vary (2.18) in 6g;,:

OSpulk = ﬁ / d*x /=g [6(\/—8) p(R +2) + ¢ R], (2.19)
5(v/78) = 3/~ 88wdg"™, SR = (R — VuVy + g0 V%) 58", (2.20)
3o = 1o [ P38 [V~ 50 V20 — ] 85, @21)
ViVig = 8w V29 + g = 0 (2.22)

Which, after contracting with ¢g*", gives the condition on ¢:

VuVig = gu¢ (2.23)

This is a condition which aligns with intuition: since JT gravity has no dynamical
degrees of freedom, a non-constant ¢ would break SL(2, R) invariance. Thus ¢ is dynam-
ical only on the boundary, and has no freedom in the bulk [30]. The discussion of the

dynamics of ¢ on the boundary will be left for section 4.
2.2 BOUNDARY SCHWARZIAN ACTION

Omitted in the above derivation is the recognition of the fact that, as r — oo, we require a

”cutoff” between the AdS, x S? throat and the asymptotically R**! Minkowski geometry
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at infinity. To address this, we consider first the full JT action in the Euclidean signature,

defined on an AdS; manifold M with conformal boundary oM./

1
871Gy Jom

Syrals @] = —Sox — £ 6; ~ | VEo(R+2) - VED(K—1)  (224)

Where y is the aforementioned topological component, and #, K are the metric and
curvature localized to the boundary. According to the equations of motion from S;r, we
have that R = —2A, and thus this term does not contribute to the dynamics. We are
interested in the dynamics on the boundary; the bulk metric is fixed, and we allow the

boundary to fluctuate. Recall that the asymptotic RB geometry was given to be

ds®> = Q*G (—pzdtz + dp—‘f + dng) ) (2.25)
which defines the throat region of the black hole geometry. The AdS, factor governs
the radial-time sector, and is precisely the geometric background on which JT gravity
is defined after dimensional reduction. To evaluate the boundary action for JT gravity,
recall that p — oo corresponds to the conformal boundary infinitely far from the horizon.
This metric is only asymptotically exact, hence we fix a cutoff distance p = p. where the
dilaton has fixed value ¢..

Consider the boundary in (t,p) coordinates parameterized by x*(u) = {t(u),p(u)}

for u € R. The induced boundary metric is then

2
dsﬁdry = C? (p(u)2t2 - Fﬁ) du® (2.26)

’This includes the Gibbons-Hawking-York boundary term. For more discussion on the origin of this

term, see [23].
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Where we have omitted constants and the transverse d Q% for clarity. Fixing the length

of the conformal boundary as

PR N R - e 1 (2.27)
bdry =™ .2 P PZ O (C2¢2 )

Which gives an expression from which we may derive the JT gravity action. Note

that these boundary reparameterizations have no effect on the topological bulk action. To

calculate 657, expanding p(u) as p(u) = 1 + epy (u) + O(€?) one has may compute

1
- d — .
Sr=gc | Vh(6K — 1) (2.28)

From fluctuations in p. Note that ®(u) = ®, /¢ is constant at the boundary by design,

and \/E o % Expansion in € on K yields:8

_ i f”l(”)_§ f"(u) o4
k=tre |2 (Fog ) o 229)
K:~1+e*{f(u),u} (2.30)

From which we derive the Schwarzian action:

J— ¢V
871G Jom

Slf] =

du{f(u),u} (2.31)

Where the bracket {f(u),u} is known as the Schwarzian derivative. An interesting
artifact of this action is that it is precisely equivalent to the space of Diff(S') /SL(2,R); in

other words, excited modes in the boundary theory correspond to boundary fluctuations

8see [23] for the detailed algebra.
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not contained in SL(2,R) = ISO(AdS;). This can be realized explicitly by examining the

vanishing locus of Schwarzian derivatives:

_au+b

{fu),u} =0 < f(u)—m, ad —bc =1 (2.32)

{f(u),u} ={g(u),u} < F ~ G under PSL(2,R) (2.33)

Hence Schwarzian boundary states form an infinite-dimensional basis of non isomet-

ric, monotonic diffeomorphisms of S':
|f) € Diff"(S')/SL(2,R) (2.34)

These SL(2, R) symmetries which leave the boundary action invariant are equivalent
to the isometry group of AdS, for a reason: the invariant transformations of the bulk
should hence leave observables invariant, and therefore correspond to a gauge group on
the boundary. As we will see in section 4, these Schwarzian modes are precisely those
parameterizations of the boundary which cannot be “gauged away” with bulk gauge

symmetry.
2.3 TOPOLOGICAL FORMULATION: SL(2, R) BF THEORY

The above calculations suggest that JT gravity has an internal SL(2, R) symmetry. In the
same fashion that Kaluza and Klein understood the U(1) gauge symmetry of Electromag-
netism as descending from a fifth, compactified dimension in 4D Einstein gravity [7, 8],

it has been shown that the SL(2,R) symmetry can be treated in the same fashion. To
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formalize this, we will consider the "Zweibein” formulation of JT gravity, arriving at an

equivalent topological gauge theory.

2.3.1 THE ZWEIBEIN FORMALISM

The Zweibein (German for two-legged) formalism is a geometric reframing of general
relativity which substitutes the metric tensor g, for a local orthonormal frame. For any
point p in a Lorentzian 1 + 1 dimensional manifold M, the tangent/cotangent vectors are
given by:
ey =0, el =dxt petr} (2.35)
Where greek indices indicate that these objects span the (co)vector space on the (po-
tentially curved) background spacetime. If we want to take advantage of the fact that M
is smooth, we use latin indices to express this fact ({es, €5) = #4). Just as in the typical
case of locally-valued one forms in general relativity. The purpose of this is to connect the

local frame to the global one; the Zweibein is the matrix e}, with relations:

ey = eZea s = e ey Local < Global Coordinates (2.36)
ehel = o) eﬁes =07 Orthonormality (2.37)

Suv = 6;‘46517@ Local — Global (2.38)

Ny = guveney Global — Local (2.39)

AYAV 1, = oy Lorentz Transformations (2.40)

This gives us a way of representing any vector in the tangent space, where A € T, (M)
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is written as A = Aﬂey. There is one final element in this formalism, however, that is
analogous to the Christoffel symbols I’ﬁv in general relativity, and that is the so-called
“spin connection”, w = w,dx". The spin connection is a one-form which connects local
Lorentz frames {e,} at different points in the global spacetime, and serves the analogous
role of the connection coefficients I"ﬁl, in classical general relativity.

Recall from general relativity that the derivative of a vector field does not transform

naturally under Lorentz transformations unless we add connection coefficients. That is,

VX' =0, X" + IV, XF (2.41)

1
= I"fw = EgP‘T (8P,gw + avgw — a(,gw) (2.42)

The equivalent expression in the Zweibein formalism is:

VX" =0, X" + wZCXC (2.43)
Wl = TV et 4 ¢%9,e"" (2.44)
p = vt vep '
1 ab v Y c
= wy = Ee e, <8yeyb — aveyb + e euc 3v€p> (2.45)

Where w), has just one nontrivial term, w®

:= w, as the diagonal terms vanish due
to antisymmetry. In the case of Fl’iw we derive their unique form from the zero-torsion

condition. Similarly, the First Cartan equation gives the torsion in terms of the Zweibein,

allowing for a unique solution of w:

T =de” +w A eﬁeb =0 (2.46)
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The pair {e, w} formally define the Zweibein.’

2.3.2 FROM THE ZWEIBEIN TO BF THEORY

Recall the JT gravity action given by (2.18):°
1 2
51T = 16 / Px(R — 2Ag) 9 (2.47)

We wish to construct this action in the BF theory formalism. To do so, consider a two-
dimensional Lorentzian manifold M which has a gauge group SO(2,1) = SL(2,R). This
group is exactly the group of symmetries which act transitively on the AdS, spacetime,

and can hence be understood geometrically as the hyperboloid:
n"zazy — £ =0 (2.48)

Where / is the characteristic AdS scale, and T.(M) = span({e"}) In the Zweibein
formalism, this symmetry will correspond to the gauge symmetry of fields living on M.
We will ultimately want an action which resembles S;1, so we start with a 0-form B and a

one-form A defined as follows:!!

A=eTdx! B=B'r (2.49)

Where T, are the elements of the Lie algebra so(1,2), and thus have the commutation
relations:

(T2, Ty = —€ae™° st a,b,ce{0,1,2} (2.50)

9Tt is common in the literature to denote efl = wy.
19Where we set Aqg = 1 for clarity
HWhere we use the shorthand ef, = wy
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These are the infinitesimal generators of the isometry group SO(2,1), and hence can
be raised or lowered with the metric 1,, = diag(1, —1, —1). As in the case of Maxwell’s
equations, we can compute the curvature two-form F from the gauge group by taking the

curvature of the gauge field,
Plugging in our expression (2.50) yields

Fj, = e, — dvey — ezcezef, (2.52)

To get to JT gravity, we ought to remember that the action is (on the bulk) topological,
and thus should not have any dynamical degrees of freedom. Just as the equation of
motion from JT gravity gives us the Liouville equation R — A = 0, we would like a similar
equation on F (recall Fﬁv = Ryuv). This is where the B field becomes useful as a Lagrange
multiplier on F such that the action restricts to flat connections on M. Contracting F with

B and integrating over M yields:
Spr = / BoFS, M2 = /M tr(B A F) (2.53)
Which is the desired form of our action.
2.3.3 RECOVERING THE Sy FROM Sgf

The previous derivation may leave some readers unconvinced. To remedy this, we can

check this action is equivalent to (2.18) by substituting in the relevant expressions and
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expanding out [31]. Recall the definition of A, B given above in terms of the SO(2,1)

symmetry generators, where we expand and add in constants for clarity:
A= /A"t +w(x)T,, B=B"1,+B*n, ac{0,1} (2.54)
We can plug these into (2.53), obtaining
Spr = /M VAwlBL(det +w A ) + BUde® — w A el)] — B2 (dw + Ag® Ael)  (2.55)
Varying with respect to B? yields
de” + wi Ne? =0 (2.56)
Which is precisely equation (2.46), ensuring torsion vanishes. Furthermore, from

(2.53), we have the equation of motion by varying the scalar B that F = 0. Together,

these reduce (2.55) to the following form:
Spr = / O Ael(dw + Agge® A el) (2.57)
M

This form of (2.53) is deceptively close to the original JT action we derived in the
beginning of section 2. ¢’ A el = ege},dxﬂ Adx" = /g d*x, and dw is related to the Ricci

curvature via the Cartan Structure Equation [32, 33]:

dw = %eo Ael (2.58)

Which reduces equation (2.57) to the form:

Spr = % /M d*x,/gBY (R + 2A ) (2.59)

Which matches the original JT gravity action precisely.
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2.3.4 ZWEIBEIN EQUATIONS OF MOTION

Before we begin with a deep analysis of JT gravity, it will be instructive to see the corre-
spondence between objects, symmetries, and equations of motion in both theories. Con-

sider the generic form for Sgr given by (2.53); varying B gives us:

55Spr = /M tr(6B A F) (2.60)

F=0 (2.61)

Which recovers the flatness condition, corresponding to the Liouville equation in JT

gravity (R = 2A.f). Varying in F gives

P /M tr(B A SF) (2.62)

5rSpr = / tr(B A (d0A + [A,5A])) (2.63)
M
Which we integrate by parts on the first term to recover

5pSpr = /M tr((dB + [A, B]) AGA) (2.64)

DB = dB+[A,B] =0 (2.65)

Which matches the intuition that B functions as ¢ does in JT gravity, and thus DB =
V¢ = 0. We also have a correspondence in the symmetries: the gauge symmetry in A is
given by elements of SO(2,1), where SO(2,1) = SL(2,R) = ISO(AdS;) corresponds to

the isometry group of the bulk in JT gravity. In essence, we have substituted a geometric
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symmetry for a gauge symmetry, which will prove to be a powerful tool in the following

chapters.

3 BF THEORY

Now that we have derived BF Theory as a natural reformulation of JT gravity, it will be
productive to analyze its structure more deeply. For the sake of clarity, we will restrict our
analysis here to the case of SL(2,R) BF Theory, though the case of a general compact G
follows similarly from our treatment of SU(2) in Chapter 4. Our analysis will begin with
a structured overview of the general equations of motion, constraints, and observables
which arise in this theory. We will then use techniques of partial gauge fixing to analyze
the phase space of the theory, analogous to the Coulomb or Temporal gauge in QFT [34].
Finally, we will perform a symplectic reduction on the phase space to determine the true
gauge-invariant quantities which determine the physical phase space of the theory.

In it’s differential form, BF theory is commonly written as
Spr = /M BZF]ﬁZ']' (3.1)

Where 77;; = diag(—1,1,1), corresponding to the Lie algebra s0(1,2) of SL(2, R). As

mentioned above, we can write the equations of motion in differential form as:
i i L ik
F':=dA —l—EfjkAA =0 (3.2)

DB =dB+ fAIB =0 (3.3)

"*This definition follows from the fact that 1;; = 5 fj, f;. See [35].
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Where f;k are the structure constants of so(1,2). Note that in comparison to the Zweibein
formulation, A%, Al correspond to the Zweibein components el and A? = wopi. This lie
algebra has three generators: spatial translations, temporal translations, and dilations
(Lorentz boosts). These will herein be notated Jy, J1, and ], respectively. Their commuta-

tion relations are:
UiV = fie foi=ho=1fl=—1 (3.4)
Which generate the so(1,2) Lie algebra. This gives us the mathematical support to
determine how these equations transform under a gauge transformation. Let A = AiJ; €

s0(2,1) be an infinitesimal transformation. Just as how in a Maxwellian gauge transfor-

mation we have that A;l = A, + ay)\, for the connection A above we have

S\A = 9N+ [A, A] (3.5)

Al =gAg 4+ gdg? (3.6)

For ¢ = ¢* € SO(2,1). The 0-form B transforms as a matter field under gauge trans-
formation under ad(G):

B=gBg! (3.7)

Such that (B, F) is invariant. Note that, per the equations of motion, we require F = 0,
and thus A must be flat. This is equivalent modulo gauge transformation to the statement

that A = dgd~! for some g(x) € G defined on M.
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3.1 OBSERVABLES AND INVARIANTS

Now that we have defined how BF theory transforms within its gauge group, we wish to
compute the space of invariants of this theory. This is a necessary step for understanding
the states of the theory, since gauge-invariance applies intrinsically to all observables. To
do this, let us first examine the facts: we know that A is a flat connection on M, and
furthermore we know that DB = 0, or that B is covariant constant on M. For the needs
of our application of BF theory, we can assume that M = X X R, where R parameterizes
time, and X is a one-dimensional spatial manifold. By the equations of motion, to find
invariant functionals of A, B, we must consider quantities which are invariant under the
gauge group G; that is,

{0,G} =0 (3.8)

By our foliation of M as 1 + 1, we can rewrite the action (3.1) as:

SBF =/ dt/ dx(Biw;—i-wiDBi) (3.9)
R %

A= +wh, B=n"lT+wh, ac{01} (3.10)

Where we can now express DB’ = 0 in terms of the Lie algerba basis:

g0 = 90B° — (w'B? — w?BY) =0 (3.11)
g1 = 0B +w?B® — w'B? =0 (3.12)
g2 = 3,B? — w B! — w!'BY =0 (3.13)
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Giving us three constraints on wy, which naively permits zero degrees of freedom on
any given time slice, implying A, collapses in the phase space. However, this is only true

locally: If ¥ has a nontrivial topology, then the global quantity

T:Tr(PefZAi]i):Tr<Z lﬁf A% A---% A) €G (3.14)
—ont Jg I o1

Which will correspond to the Wilson loop operator under quantization. This will be
our first invariant, O 4. Note that, by this definition, any gauge-invariant function on A

in 2 must be a class function of the non-contractible cycles in A:
Y(Uy, Uy, -, Upy) (3.15)

Where Uy specifies the holonomy for each generator of 711 (X) [36]. Furthermore, it was
seen in equation (3.7) that B transforms under conjugation, so any B-dependent invariant
observable must also be invariant under conjugation. In other words, the observable Op

must be a class function of g. The total class of these is given by

Tr(P[B]) = Tr <ianB”> (3.16)

However, Tr(B) = 0 identically, so Op = Tr(B?) is the simplest gauge-invariant quan-
tity. This is known as the casimir of the representation of G, and it is the defining gauge-
invariant quantity for B. Note that these conditions restrict (3.16) to be dependent only
on the even powers of Tr(B), and thus any polynomial can be constructed out of Tr(B?)

as an observable.
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3.2 SYMPLECTIC STRUCTURE AND CLASSICAL CONSTRAINT SURFACE

To continue with our analysis of the phase space of BF theory, it will be fruitful to consider
the symplectic structure of the theory. The symplectic structure, denoted w, is a two-form
defined on the phase space of solutions which generates the Hamiltonian flow; it will
provide us with the framework needed to rigorously define the phase space of the theory.
For a review of the symplectic formulation of classical mechanics, see [37]

From the action (3.10), we can immediately recover the BF lagrangian as
Lpr = /dx (BiasAi + AiD.B') (3.17)

In terms of the fields (A, B). Using Hamilton’s equations, one can further define the

conjugate momenta 7t of A; as

oL
. At — BF —
T SiALy D T = 5(31AD) =0 (3.18)

A, OLpr

Where the latter result follows from the equations of motion. The canonical 1-form can

then be written as:
®= /)2 GNP = @ = /z 7iiBio Aldx = /Z Tr(BSA) (3.19)
Therefore, the symplectic form w = dO is given by
w = /Z Te(6BASA)  {AL(x),Bi(y)} = 8is(y — x) (3.20)

Which endows the set of all possible configurations of our system with a symplectic

structure. This gives us not only the possible physical states, but the entire configuration
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space of our fields:
A€ QY (%,SL(2,R)), Be'%,SL(2,R)) (3.21)

Which span the entire domain of the symplectic manifold, which we denote M,,. This
can also be understood as the collection of tangent bundles on the configuration space,
where any pair (A, B) is specified by a point 4 € My, and 7, € Ty (a). Reducing
this space M,, to the space of states which obey the equations of motion is equivalent
to restricting to a submanifold C. Precisely, we define C as the vanishing locus of the
constraints:

C=1{(AB) €M, |D:B=F=0} (3.22)

Which define possible states of the theory. Recall that the restricting equations on M,,

which define C are gauge-invariant; that is, if a pair (A, B) € T*A satisfies the constraints
F=dA+ANA=0, DB=dB+[AB|=0, (3.23)
then so does the gauge-transformed pair
A :=gAg ' +gdg!, B :=g¢Bg}, (3.24)
for any smooth map ¢ : ¥ — SL(2,R), if F = DB = 0 then:

Fl=dA' + ANA =g(dA+ANA)g  =gFg =0 (3.25)
D'B' =d(gBg ') +[gAg ' +gdg ', gBg ' =g (dB+[A,B])g ' =gDBg ' =0

(3.26)
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Which is also a point in C. Thus the constraint surface is invariant under gauge trans-
formations. Hence, the orbit of a point ¢ € G lies entirely within C, and all such points cor-
respond to gauge-equivalent physical configurations. The physical phase space is there-

fore defined by identifying these gauge orbits:
Pphys = C/G. (3.27)

3.2.1 SYMPLECTIC REDUCTION

As we have shown, points in the physical space of the theory correspond to points in
the reduced symplectic space Pppys. For now, let us consider the base space of BF the-
ory as topologically equivalent to a cylinder, S' x R. To explicitly define the physical
phase space, we can consider a point in C/G as an equivalence class of solutions, where
we define two solutions as equivalent if they are related as in (3.25), (3.26). Recall the

observables of BF theory:
[04] = Te(Peh 4Ty € G (3.28)
[Op] = Tr(B?) € G (3.29)

Which, under some g(x) : S' — G, transform as:
[Oq] = Tr(Pefz[gAig+3dg71]]i) = g(xo)Tr(PefZ Ai]i)g(xo)_1 (3.30)
[Op] = Tr(¢Bg 'gBg ") = Tr(B?) (3.31)

Where the first equation follows from a perturbative expansion (For a detailed deriva-

tion, see [38]), and the second follows as the trace is cyclic-invariant. Therefore our space

38



of gauge-invariant states is spanned by
(O[A], O[B}) = G/Ad(G) X g/Ad(G) (3.32)

Where the second product follows from the fact that B = g¢bg~! for b € g, and it’s
invariance under Ad(G) implies any gauge-equivalent elements of g are equivalent in
the Casimir representation.

Note that since we are now considering equivalence classes under Ad(G), our gauge-
reduced phase space is given by the span of observables 04, Op under the action of

Ad(G). Specializing now to G = SL(2,R), we have
Pphys = SL(2,R)/Ad(SL(2,R)) x sl(2,R)/Ad(SL(2,R)) (3.33)
3.3 RESIDUAL BOUNDARY SYMMETRIES

The above formula reveals the total space of classical states of SL(2,R) BF theory on the
bulk. For the case of £ = S! x R, any gauge transformation acting on observables as
in (3.24) was shown to leave physical data unchanged (3.25). However, for a general
manifold M with nonzero boundary, this is not the full story. In general, a gauge transfor-
mation G € Map(M, G) can act nontrivially on the boundary. If the boundary symmetry
is larger than the gauge group G, this results in residual symmetries on the boundary
which cannot be “gauged away” by local gauge transformations. Formally, local gauge

transformations are defined as

glocal = {g(x) S Map(M — G) | g|8M = 11G}/ (3'34)
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Which form a normal subgroup of the full gauge group G. The remaining symme-
try group, Gres := G/ Giocal hence act nontrivially on the boundary configuration space.
These generate dynamical edge degrees of freedom in the classical phase space, and —
since they are not homotopic to one another under Gj,;1 — act nontrivially on physical
observables. This is exactly the situation in section 3.2, where the symmetry group of the
conformal boundary theory for JT gravity was given by Diff(S!). This was then “broken”
by the SL(2,R) isometry group of the bulk, giving rise to the Schwarzian modes on the

boundary. In section 4, we will return to quantize these modes.

4 CANONICAL QUANTIZATION OF BF THEORY

This section provides an outline of the quantization procedure for SL(2,R) BF Theory,
largely adapting the work of [39, 40, 41, 35]. We begin with further analysis on the
(3.33), decomposing the classical space into its gauge-invariant sectors. Then, we apply
a gauge-fixing procedure to explicitly derive the quantum Hilbert space of the theory on
the cylinder, as well as the residual symmetries and algebra which arise for a noncompact

manifold.
4.1 BF THEORY ON A CYLINDER

For now, we will treat BF theory as defined on M = S! x R, where time is noncompact.

To begin to dissect the phase space of this theory, note that any state ¥ defined in Pppys
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must be conjugation-invariant from the quotient by the adjoint action. That is,
Y[g] = ¥[h~1gh] for h € SL(2RR) (4.1)

Where [¢] indicates the gauge-dependence of ¥. From standard representation theory
techniques [42], these gauge-invariant orbits of SL(2,R) are given by the Cartan subalge-
bras. This is identical to how the SU(2) symmetry of the electron reduces states « € SU(2)
to functions of J,. Unlike for SU(2), the algebra SL(2, R) has two orthogonal Cartan sub-
algebras, isomorphic to U(1) and R, respectively. Geometrically, these subalgebras can

be understood as commuting generators of ISO(AdS;) = SL(2,R), where

cosv sinv e 0
e e I

—sinv cosv

Correspond to rotations around a timelike direction and boosts along a spacelike di-
rection respectively. Hence points (v,%) € Hj, Hp correspond bijectively to the orbits of
some ¢ € SL(2,R) under conjugation. Therefore one labels states ¥ by their conjugate

elements in these Cartan subalgebras:

¥l — { ), forlg v e th s
Ca(p), if[g] ~ 1 € Hy
Which has an inner product given by the Haar measure:
27 > =~
@g) = [ avsin?v ) ), (44
(@2, 83) = [ dn sink®y 50 o) @5)
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On a state ¥. Note that the second term of Pppys corresponding to the Casimir is not
needed to define the state, since specifying [¢] is enough to specify both {v, 1} and project
onto {». Hence any state of the observables (3.30), (3.31) is given by ¥[g].

This expression includes contributions from both elliptic (v) and hyperbolic (1) con-
jugacy classes. In the classical geometry of BF theory, these arise as the generators of the
holonomy observable (3.30), where the conjugacy parameter v corresponds to rotation-
like (elliptic) geodesics, and 1 corresponds to boost-like (hyperbolic) geodesics. These
trace out spacelike and timelike paths, respectively, in the internal AdS, geometry. For
the sake of this paper, we are intersted in SL(2, R) BF theory as it applies to understanding
quantum JT gravity, and hence we will herein restrict all analysis to hyperbolic modes,
considering spacelike (v) states as non-physical. Analytically, this corresponds more pre-
cisely to SL(2,R)* BF theory, which has been shown to be a reformulation of JT gravity
after considering bulk symmetries [43, 44].

As such, a general state in Hp,ys is given as a square-integrable function over :

¥(n) € L>(R*,sinh? 5y dyy). (4.6)

Which gives a valid decomposition of Hppys.

4.1.1 CASIMIR DECOMPOSITION

Recall that SL(2,IR) can be written in terms of basis generators J; (3.4). Continuing the

analogy to SU(2), recall that states of an SU(2) gauge theory are labeled by spin-j irre-
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ducible representations (irreps) ; for j € Z>¢ and have I:zl[Jj = j(j +1)¥; as a conserved
quantity labeling the states. In an analogous fashion, one may use Kirillov’s orbit method
to decompose SL(2, R) into irreps labeled by s € R, where the corresponding conserved

quantity is the casimir, C, which is related to s by:
A » 1 +

Which labels the irrep. Just as {0, ¢ } parameterize irreps of SU(2), {7, v} parameterize
irreps of SL(2,R), though —since SL(2, R) is noncompact — irreps do not admit a finite
basis as m € {—j,...,j} does for SU(2). To represent a given state iy which has SU(2)
symmetry, one can express an infinite sum over the irreps, as given by the Peter-Weyl

Theorem (See Appendix A):

Ypel(SUQ) = P HjoH; (4.8)

j€3Z>0
Where each H; is spanned by its (2j + 1) dimensional basis. In the case of SL(2,R),
the analogous approach to derive the form of Hpys begins with a spectral decomposi-
tion of the {#}-basis, expressed in terms of Casimir eigenstates. This is achieved via the
Plancherel transform — the analog of the Fourier transform for noncompact Lie groups
— which decomposes class functions on conjugacy classes into a continuous sum over

irreducible representations:

Gy = [Tdsp(s) ), we) = [Cdysink®yoaon ), 49)
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where xs(77) is the character of the principal series irrep with Casimir eigenvalue C =
2 + }1, and (s) forms the spectral data defining a state in the representation Hs. The

inner product becomes diagonal in this basis:

(@) = [ dsu)$E ¢'(s),  pls) = ssinh(2rs). (4.10)

Which defines Hppys as the space of square-integrable spectral wavefunctions ¥(s),
each describing a quantum state with fixed Casimir eigenvalue. The full Hilbert space is
thus a continuous superposition of irreducible SL(2,R) representations — the noncom-
pact analog of the Peter-Weyl theorem — with Plancherel measure y(s) governing the
density of states. This space encodes all possible quantum geometries of BF theory on the

Lorentzian cylinder:!?

Y[l € Hphys :/0 YU u(s)ds, (4.11)

with ¥ = {¢s}scr+, such that / ||1ps||%{s 1u(s)ds < oo. (4.12)
0

4.2 GAUGE FIXING

Before we begin this section, it will be fruitful to discuss the implications of “gauge fix-
ing”. In full generality, one may perform the BRST quantization [45, 46] of a theory to
arrive at a quantized Hilbert space. For a rigorous approach to the BRST formalism for

topological QFTs, see [47, 48, 49], or [39] for a direct application to SL(2, R) BF theory.

13Strictly speaking, H? is the contragradient representation defined by 7} (g) := 75(g~1)". Since BF
theory is conjugation-invariant, the decomposition simplifies to [ Hs, as conjugation effectively traces over

the dual component — sit is included here only for clarity
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The choice of gauge thus has no impact on the observables and invariants of the theory,
and hence we will work in a gauge-fixed regime for the sake of pedagogical clarity,'*
however different gauges do produce different spectra of quantum observables. This is a
principle which will be used to great effect in the next two sections, as we vary our choice

of gauge to uncover various dynamics within the quantized SL(2, R) BF theory.
4.3 QUANTIZATION IN THEn - B = 0 GAUGE

Having derived the Casimir decomposition of the physical Hilbert space in Section 4.1.1,
we now realize that structure via canonical quantization of JT gravity in the n-B = 0
gauge. As we have seen in (4.2), the conjugacy orbits of any g € SL(2,R) lie in either the
elliptic (v) or hyperbolic (7) orbits. The orthogonality of these orbits can be seen by the

fact that Tr(g) is invariant under conjugation, and hence for any given g, either:

g~ g € Hi(v) = Tr(g) = |Tr(gv)] <2 (4.13)

g~ &y € Ha(n) = Tr(g) = |Tr(gy)| > 2 (4.14)

Implies g is in either of the Cartan subalgebras'.
Hence elliptic elements lie in an SO(2) subalgebra, and hyperbolic elements lie in an
R*-type subalgebra. Recall that for the sake of application to JT gravity, we are again only

interested in |Tr(B?)| > 2, which will be the object of study in this section. Hence gauge

41n the language of the BRST formalism, gauge fixing is understood as an arbitrary transverse “slice” of

the gauge orbits.
15Note that if Tr(g) = 2, this corresponds to parabolic (lightlike) orbits which are not semisimple. We

return to this case at the end of the subsection.
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condition n’B, = 0 (with fixed internal vector n“) restricts B to lie in a two-dimensional
hyperplane of 5[(2,R), orthogonal to 1. For +-Tr(B?) > 0, one can choose 7 to be spacelike
as
Brr ~ (Bg,0,0) = n ~ (0,11, 1) = Brr = B%)o (4.15)
The physical data thus reduce to a pair (B, Ax) modulo simultaneous adjoint action.
Within the Coulomb gauge, the condition [Ay, B] = 0 implies that Ay must lie in the
stabilizer subalgebra of B, which is 1-dimensional for non-lightlike B, corresponding to
the subalgebras generated by (1) for timelike trajectories, respectively.!® This simplifies

the holonomy to the expression:
Hol,, = efr T (4.16)

Where T(x) is the gauge-invariant parameter, and ] is the generator of boosts. Ex-

plicitly, these are given by:

BaAa n-B=0 BOAO -1 0
T =0 = \ T = 4.17
Therefore (4.16) reduces to
Hy=e 0, 5=¢ Bldx (4.18)
S

Such that we may define a conjugate momenta operator 7, := 3B7B,, where {7y} =

1 follows from the equations of motion. Thus gives the canonical quantization

16Note no path-ordering is needed since each sector is abelian.
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With eigenfunctions ¢, = ¢/“7 (i.e.plane waves). As in the case of a free particle in
standard quantum mechanics, one might expect wavefunctions to be elements of L?(IR),
i.e., square-integrable functions ¢(x) with continuous eigenvalues w € R. However,
there is a subtle difference. Unlike in quantum mechanics, BF theory has observables
which are entirely topological, and as such only depends on w through its exponentiated
form. This corresponds to the Pontryagin dual group of R, comprised of elements w &
Hom (IR, Sl) := Rp, which is topologically distinct from R since each element defines a
unique “dimension”. It is referred to in the literature as the Bohr compactification Rp
of R. The characters of Rp are “almost-periodic” functions on S!, and have a character

decomposition

Ps(w) = e ™/" forw € Rp, s € R (4.20)

/ dp(w)ps(w) = dwo (4.21)
weRp

Where 5(w) is the Fourier dual of ¢, and the measure on Rp is derived in the Ap-
pendix. This space is non-separable, reflecting the topological character of the degrees
of freedom, and supports a unitary representation of the Heisenberg algebra with dense
frequency spectrum.

Quantizing the orbit for fixed Casimir C = s2 + % = w?+ }lhz in this framework
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produces a Hilbert space H; given by

ps(n) = [ a(@)e ! dp(w) 422)

F(w) =Y e s/ (4.23)
S
in the 77, w basis respectively.

4.4 QUANTIZING THE SCHWARZIAN

Now that we have seen the quantization of the bulk states of SL(2,IR)™ BF theory, it will
be fruitful to consider a different gauging procedure from which we may extract the dual
boundary theory. As a topological theory, SL(2,R)" BF theory has no dynamics in the
bulk, hence we wish to understand the boundary correspondence to these modes, which
we will see reproduces the same Schwarzian action (2.34) as derived in the semiclassical
JT picture. Up to now, we have considered BF theory as a purely-topological bulk theory
with no boundary. In the case where one has a nonzero boundary with S! topology, the

tull BF theory expression is given by:

Spr = /MTr(BF) +%/8MTr(BA9)d9 (4.24)

Which will be necessary to consider topologies useful in JT gravity. To consider BF
theory as a reformulation of JT gravity, we herein will treat SL(2,R)" BF theory on a

Euclidean manifold, where the Wick rotation t — iT and coordinate change p — 1/z
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transform the Robinson-Bertotti metric (2.13) as:

(4.25)

dsz = QZG <M)

%)

Which is the Poincaré patch of AdS; on which we will consider BF theory. Topo-
logically, this is equivalent to capping off the conformal boundary at z — 0, which in
Euclidean coordinates has compactified time B. Atz — oo, one approaches the horizon
of the black hole, which in the Euclidean signature corresponds to “pinching” off the

geometry. This topology is colloquially referred to as the “cigar” geometry:

Figure 3: An illustration of the cigar geometry, with compact Euclidean time 7 and a smooth cap at the
horizon (Photo from [50])

When we define BF theory on a manifold with boundary, the metric restricted on the
boundary cannot fully be “gauged away” as in the bulk. Analogous to the Diff* (S!)/SL(2,R)
residual freedom seen in JT gravity, the general residual symmetry group which remains

in BF theory (as given by (3.3)) provides:

gres = gbdry/ gBulk (4-26)

As the residual boundary symmetries. A standard fact from Complex analysis is that

this Conformal disc has an isometry class given by PSL(2,R). Astonishingly, taking the
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total space of boundary parameterizations f () € Diff(S!) up to equivalence under bulk

isometry immediately yields the same Schwarzian modes as seen in (2.34):
Diff(S')/PSL(2, R) & |f)sep, (4.27)

As we will see later chapters, this framework will prove to be considerably powerful
when considering manifolds with much more complicated internal bulk structure. For
now, let us consider the quantization of these modes such that we may understand them

as dual to the hyperbolic modes as seen in (4.12), (4.21).

4.4.1 BF THEORY ON THE BOUNDARY: THE SPATIAL GAUGE

In order to quantize these modes, it will be useful to perform a gauge fixing as before,
but now on the conformal disc. From the general form of BF theory, recall the discussion
of the classical phase space of BF theory, the bulk condition F = 0 implies that the con-
nection is a “pure gauge”: A = gdg~!, and the phase space is given by the space of flat
connections modulo equivalence under the SL(2, R) bulk gauge. Considering the disc ID
as parameterized by the coordinates (7,6), we work in the gauge where A, = 0. This
gives

A= AlJ.do (4.28)

As the pure connection along the boundary, which encodes the full information of the

theory. Analogous to the classical BF theory decomposition, the holonomy around the
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conformal boundary is given as:
Holpary = P exp( 72 Agdo) (4.29)

Where Ag = ¢(0)dg~1(6) parametrizes A. This gives a space of flat configurations
indexed by ¢(x) : St — SL(2,R), such that ¢ ~ ¢’ if they are related by conjugation by an

element 1 € SL(2,R). This follows directly from (3.30), where
On(g) =h10gh < g(x) = k1 (x)h (4.30)
So the full space of gauge-inequivalent flat connections is given by

Maa = Map(S?,SL(2,R))/SL(2, R) = Diff(S') /PSL(2,R) 2 {|f)gy,} (4.31)

Which is a deep correspondence arising from Teichmiiller geometry (See: [51, 52]).7

This is the manifestation of the pure AdS/CFT correspondence realized in SL(2,IR) BF

theory. Each bulk gauge equivalence class is dual to a Schwarzian state on the boundary.

4.4.2 THE VIRASORO ALGEBRA IN SL(2,R)" BF THEORY

The correspondence can be understood more clearly once the Schwarzian partition func-
tion is known explicitly. Recall from the JT gravity discussion that the Schwarzian action

was given by

sif) = —c [Mar (7)) (4.32)

7Herein we refer to {|f) }sen := S in line with the Teichmiiller literature.
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Which has a natural symplectic form, given by S(u) ~ {f(u), u} with conjugate gen-

erator O f (u):

0= /S1 55 (1) A Sf (i) (4.33)

In essence, one can consider a Schwarzian mode Tf(u) o {f(u), u} as a Laurent series

over a Z-indexed basis modes:

inu _ 1 —inu
Tp(u) = ;Lne , Ly= 57 Je due™""T¢(u) (4.34)
{Ly, Ly} = (m —n) Lyt (4.35)

This is precisely equivalent to the Virasoro algebra with zero central charge (See Ap-
pendix C). Hence, the formalism of such modes applies to give a Hilbert space on quan-
tized modes of the Schwarzian spectrum. As it turns out, these Virasoro modes have a

natural decomposition by the quadratic Casimir of the Virasoro algebra, given by:
» 1
C=Lj— E(LlL—l +L_1Lq) (4.36)

For SL(2,R). This follows from C being the universal enveloping algebra which com-
mutes with all generators. This diagonalizes the representations of SL(2, R) into the prin-

cipal series

C|f>:(sz+}l) If), se€RT (4.37)
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Which is precisely the decomposition given by (4.12). It is no accident, then, that

f) € Hsen = /0 dsu(s)Hs, se€RT (4.38)

with ¥ = {¢s}.cgs, such that / 513, 1(s) ds < oo. (4.39)
0

Where yu(s) = ssinh(27s) is the same Plancherel measure in (4.12). This should not
be a surprise: The Schwarzian states under the correspondence (4.31) are hence dual to
the same principal series representation of SL(2,R)", and thus should admit the same
Casimir decomposition.

Furthermore, restricting the space of Schwarzian modes to those with fixed energy
{If)s} has the same effect as the Coulomb-gauge fixing procedure had on the fixed-
Casimir states Y5, which under (4.21) decomposed into a finite subset of Rp-indexed
modes {¢s}. Explicitly, under the noncompact Peter-Weyl theorem, one has that any
continuous spectra indexed by its characters on the maximal torus T", where the char-
acters are determined by the representation group. In the case of the principal series
representations of SL(2, R), we saw in (4.21) that these characters were given by {e/“7/"}

for w € Rp. The Schwarzian modes hence have an equivalent representation:

= () " () (4.40)

Where 7 is conjugate to the Casimir, just as in the case of (4.21). We thus have a bulk-

boundary duality at three levels: The full quantum Hilbert space, generic states, and
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fixed-casimir states:
M = HIN = [P(Rp,dp(w)) (4.41)
Y=A{ys} = [f) ={lf)s} (4.42)

¥s(y) = /IR as(w) e Mdp(w) < |fs) = /IR Ag(w) e M dp(w)  (443)

B

Where the Plancherel measure y(s) = ssinh(27s) governs the spectral decomposition

of both theories:
’HEEYS = Hge = /Ooo Hs u(s)ds. (4.44)
We retain duality. Thus, the Bohr—Fourier decomposition of the bulk holonomy modes
and the quantized boundary Schwarzian modes are two descriptions of the same topo-
logical spectrum, unified by principal series decomposition — and corresponding Pon-

tryagin dual — on on SL(2,IR) ™.
5 NONFACTORIZATION OF WORMHOLES IN JT GRAVITY

Up to now, we have considered SL(2,R)™ BF theory as classically equivalent to JT grav-
ity as a model for the asymptotic regime of Reissner-Nordstrom Black holes. From this
vantage point, we have seen that BF theory reproduces the quantized dynamical degrees
of freedom in the bulk as dual to the Schwarzian modes which arise as residual symme-
tries on the boundary. In this sense, one has a clear, unique “holographic dual” theory to
bulk JT dilaton gravity as the residual Schwarzian modes, with a one-to-one correspon-

dence in the respective partition functions. However, there is much more to the story of
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JT gravity. In the following chapters, we will explore the full range of possible states of
this theory, uniting Black hole thermodynamics and Entanglement entropy in the process.
In this more general picture, the question of a unique holographic dual is muddled by the
divergence of JT gravity’s dynamics the traditional AdS/CFT picture: As we shall see,
the dual theory is much more subtle than one might expect from the Cigar topology. We
begin with a brief overview of the motivation for considering more complex topologies,
motivated by the path integral formulation of quantum mechanics. From here, we will
see how a weighted sum over topologies arises naturally in the study of quantum gravity,

acknowledging the subtleties that arise along the way.
5.1 THE EUCLIDEAN GRAVITATIONAL PATH INTEGRAL

In quantum mechanics, recall that the Feynman path integral [53] computes the transition

amplitude between two spacetime points as a sum over all continuous paths:

(g tylxi ) = [ DEe(t)] 0] 1)

Each path x(t) is a distinct line in R+ from (x;, £;) to (xy, t). All paths are homotopic to
one another, yet contribute distinctly to the path integral. In the Wick-rotated theory, the
famous “constructive interference” around 6S = 0 corresponds to the minimum of the
exponent e~ SE¥()] where off-shell paths are exponentially suppressed by their relative

action. That is to say, if 7 is the classical trajectory with action Sy, and <1 is an arbitrary
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path with action S; = S + 65, the Euclidean path integral reads:

= =e (5.2)

The central question of quantum gravity is the supposed existence of a “gravitational
path integral”. This hypothetical object would then determine the probability of a given
set of boundary conditions from an integral over the bulk. The natural conjectured object

is then:

? i .
<gyv,ﬁnal ‘gyv,initizd) = Z ers with § = /M d*x v —8R (5.3)

compatible geometries M

Where “compatible geometries” M hence counts all bulk configurations which restrict
tO Sy final/initial ON the boundary.'® From the path integral perspective, the inclusion of in-
terior bulks with inequivalent topologies is a natural continuation of the logic, somewhat

akin to the perturbative n-expansion in Quantum Field Theory.

h,umf h’.l“/:f

hau‘i h‘nua‘

Figure 4: nontrivial topologies, though suppressed, are still counted in Zgay. (Photo from [19])

Under a Wick rotation, minimal action amplitudes in quantum mechanics become

“saddles” over the configuration space, and are the paths which survive the semiclassical

18The credit for this succinct expression (5.3) of the conjectured quantum-gravitational path integral is

due to [19].
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limit. Similarly, in a Wick-rotated theory of quantum gravity, one expects that the ampli-
tudes which determine semiclassical behavior are the minimal-action configurations of
the bulk.’ More formally, the above conjecture leads one to the Euclidean path integral
in quantum gravity, often expressed as a partition function Zgray. For an n-dimensional

manifold %, it is defined by boundary conditions B on 0%; the interior is integrated as:

Dg DY lstotal [g/qji]
218l = Z/ (59) | Dt Diff(2) an 54

Where .# (%) is the moduli space of &/ and i indexes the possible topologies with
boundary B — this counts all possible geometries on which a theory with wavefunction-
als ¥’ can be defined. Note that one also quotients this integral by Diff(X) as to not count
states related by a Lorentz transform.

In the case of JT gravity (defined on a 2-manifold X). The path integral becomes a sum
over 2-manifolds with g handles and n boundaries such that the conformal boundaries

are all of identical length. The formula obtained from the Euclidean path integral for this

is given by:
o0 o 1
Zgrav = Z Z Zgn Bi, s Bn) (5.5)
g=0n=
Zg,n(lglr--v ,Bn) = P DgD(l)e_S]T[gr(P] (56)
an

Where {B;} are understood to be the thermal conformal boundaries, which are taken

to infinity in the semiclassical limit. X, , is the Euler characteristic of the given topology,

9Note that this is why higher-genus topologies are not seen in the semiclassical limit, as they are sup-

pressed by an action which depends on the Euler characteristic of the topology.
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given by the Gauss-Bonnet theorem as x;, = 2¢ + n — 2 which reflects the topological
term in JT gravity. Generically, the integration is performed over all possible bulk ge-
ometry configurations, which is given by the moduli space .#; ,. As we will see in later
sections, off-shell configurations not satisfying the R —2 = 0 constraint of JT gravity
are exponentially suppressed, and the integration measure will reduce to a measure over
globally hyperbolic manifolds.?

This expression raises critical questions in JT gravity. For an arbitrary connected topol-
ogy, since the boundaries {f;} are connected, the possible Schwarzian states do not cor-
respond bijectively to the bulk states as they did for the Euclidean disc. This will become
apparent in the following section, but it conceptually follows from the fact that the on-
shell configurations of JT gravity live on globally hyperbolic bordered manifolds, which
are not well-defined for boundary metric given by an arbitrary Schwarzian mode |f);.
For a single-boundary disc, this is not a problem: One can always perform a global gauge
transformation to ensure the bulk is well-defined and globally hyperbolic. However, for
a multi-boundary system, the connectedness of the bulk complicates this procedure. We
will see in the following sections the interpretations which arise from this complication,
as well as some proposed resolutions of this issue.

A second issue with this so-called “genus expansion” formula for quantum gravity is

the divergence at large g. In quantum field theory, the number of interaction diagrams

20This measure is known as the Weil-Petersson volume of a generic manifold, and will be discussed in

more detail in section 6.
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grows factorially at large n, while the scattering amplitude from any given diagram de-
cays exponentially in 71, leading to a divergence. This birthed the study of renormalization
— a methodology for treating these divergences systematically [54, 55, 56]. In Euclidean
quantum gravity, attempts to make sense of the same divergence have come in a wide
variety of approaches. Original works on this divergence attempted to generalize the
Renormalization Group techniques to describe gravity [57], while other ideas (such as
Loop quantum gravity and SUSY string theory) have done away entirely with the issue,
treating gravity as a separate UV-complete theory [58, 59].2L.

Recent interest, however, has turned in another direction: Understanding JT gravity
as dual to Random Matrix Theory, where UV-complete behavior is understood nonper-
turbatively as the behavior of a double-scaled random matrix integral. The seminal work
by Saad, Shenker, and Stanford (SSS) [1] demonstrate an exact dual to JT quantum gravity
in the form of a double-scaled random matrix integral. Their work has reignited interest
in statistical models low-dimensional models of quantum gravity, especially the Sachdev-
Ye-Kitadev (SYK) model [60] which was shown by [1] to be the unique dual of JT gravity.
The details of this model are included in the appendix for reader convenience; for a thor-
ough review, see [61, 62, 22].

As a consequence of this striking duality proposed by Saad, Shenker, and Stanford

(SSS), many new questions have arisen regarding the nature of AdS/CFT and its propo-

2IThe issue of EQC renormalization is beyond this paper; the interested reader is referred to the citations

for a more thorough understanding of this issue.
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sition of a unique holographic dual. While traditional AdS/CFT duality suggests that
a bulk theory should have a unique, factorizing holographic dual, the derivation of SSS
suggests an alternative hypothesis: The random matrix formulation of JT gravity suggests
that the dual theory is not unique, rather, it is an “ensemble” of quantum-mechanical
Hamiltonains, suggesting an “ensemble-averaged” holographic dual is the natural inter-
pretation of Euclidean JT quantum gravity.

Formally, their model suggests that Zg,y on an arbitrary manifold®® factorizes as a
product of “trumpet” geometries, each glued onto a bulk manifold such that the system

generates the saddle points in the Euclidean gravitational path integral:

Ven(by, ..., by) (5.7)

Zen(B1, s Br) =/ [ﬂbidbiz<(ﬁi,bi)

Z(biBi) = |t " 58)

Where Z_ (B, b;) is the “trumpet” geometry with a thermal boundary of length B; and
minimal geodesic length b;, and V , is the Weil-Petersson volume which is the measure
of the moduli of hyperbolic manifolds which satisfy the R = —2 equation of motion in
JT gravity?®. This is the ensemble interpretation, where each trumpet is considered as a
factorizable “building block” of the partition function.

There is much more to be said about this model, and most of it requires an under-

22In the context of this paper, a manifold is understood to be two dimensional with an arbitrary number

of boundaries and handles, denoted as (1) and (g) respectively.
ZMore will be discussed on these Weil-Petersson volumes in the following sections. A precise mathe-

matical definition is given in Appendix B
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standing of how JT gravity behaves on more complex manifolds. The subtleties that arise
in this genus expansion have provoked an ontological split in the meaning of this dual-
ity — some authors such as Harlow and Jafferis suggest that the genus expansion is not
meaningful, and that the nonfactorization that arises in JT gravity is expected: The con-
nectedness of a multi-boundary topology prevents the naive factorization of the Hilbert
space a la AdS/CFT.

The remainder of this section serves to motivate and understand the factorization puz-
zle in JT gravity. As motivated by the Euclidean gravitational path integral, we begin by
introducing JT gravity Euclidean wormholes as natural objects of study, followed by a
brief discussion on the novel dynamics that arise when considering quantum-mechanical
duals multi-boundary system, suggesting the naive AdS/CFT dual to Euclidean JT grav-
ity as a maximally-entangled thermofield double (TFD) state on the Euclidean wormhole.
The factorization problem will then arise naturally as a conequence of JT gravity’s en-
tanglement structure as implied by the equations of motion. We examine the manifest
nonfactorization from the lens of SL(2, R) " BF theory, generalizing the techniques in sec-
tion 4 to account for the wormhole topology. Finally, we provide a discussion on what
this nonfactorization implies for AdS/CFT which will serve as a primer for the ontologi-

cal split among contemporary interpretations of this puzzle.
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5.2 WORMHOLES AS EUCLIDEAN SADDLE POINTS

Recall that in the generic formulation of the JT gravitational path integral (5.6), one has a
sum over topologically distinct bulk geometries, and for each topology one considers all
possible moduli (geometries). In the case of the wormhole (2 boundaries, 0 handles) the
contribution is given by: (5.6)

D gDcPe*S/T[gxP} (5.9)
L%O,Z

Where .# is the moduli space of all possible wormhole geometries.?* Analogous
to the case in quantum mechanics where one considers all possible trajectories of a par-
ticle, the gravitational path integral takes all possible moduli, and weights then by the
exponential of their action, encoded in the partition function. Recall that in quantum
mechanics, the principle of stationary action implies that one recovers the classical trajec-
tory as it — 0. This notion applies equally well to the gravitational analog, where one
hopes to recover the states of minimal bulk action in the semiclassical limit. To illustrate
this, consider a configuration (go, ¢o) which is locally minimized in the above expression.

Perturbing around a minima then yields:

5(3,9] ~ Slso,9o] + 58Sz, 0] + 5.10)

24Note that in the specific case of the wormhole, the moduli space is quite small, and is a one-parameter

family parameterized by the minimal “throat” of the wormhole.
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Such that we recover the condition

s
og

35S

=0, —| =0 (5.11)
80 54)

$o

Which define the saddle points of the wormhole contribution. These correspond func-
tionally to solutions of JT gravity which satisfy the equations of motion, hence we are
interested in those wormholes which have constant negative curvature, and allow for a
dilaton solution V2¢ = ¢.>> These moduli then give the domain of on-shell wormhole
solutions, and are precisely those studied by Mirzakhani [63], who showed that the mea-
sure over these moduli is precisely given by the Weil-Petersson volumes Vg ,(B1, ..., Bn),
which can be understood as measuring the density of on-shell geometries for a hyperbolic
bulk geometry with boundary lengths {;}.2° To evaluate Z;7(f1, B2) for a given on-shell

geometry, let us now turn to a discussion on the states which live on such a wormhole.?’
5.3 JT GRAVITY HARTLE-HAWKING STATES

To understand the structure of states prepared by Euclidean topologies in JT gravity, it
is instructive to begin with the simpler case of the Euclidean disk. This geometry cor-
responds to the Wick rotation of Lorentzian AdS;, and provides a canonical example of

Hartle-Hawking state preparation. On the disk, the JT gravitational path integral reduces

PDilaton profiles have a one-parameter family of solutions over a given point in moduli space, and are

absorbed into a constant in the literature
26Mirzakhani’s work on the Weil-Petersson volume is also mentioned in Appendix B.
2’For now on, a “wormhole” state of JT gravity will implicitly mean a wormhole with on-shell bulk

geometry.
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to an integral over Schwarzian boundary modes, with a Plancherel spectral density p(E)

as derived in (4.44).28 The resulting partition function is given by:
ZaselB) = | dEp(E)ePE,  p(E) = sinh(2nVE) (5.12)

where E labels the Casimir eigenvalue of the SL(2,R) representation, corresponding to
the Schwarzian energy. To interpret this partition function as arising from a quantum
state, consider the t = 0 spacelike slice of Lorentzian AdS, obtained by Wick rotating the
disk. This slice corresponds to a radial geodesic extending from the center of the disk
to the boundary. Along this slice, the Euclidean path integral over the lower half-disk
prepares a wavefunctional: this is the Hartle-Hawking (HH) state, which reproduces the
thermal partition function as its norm. We now define an orthonormal basis of energy

eigenstates |¥r) satisfying:
(Ye[¥e) = p(E)O(E - E). (5.13)

Then the Hartle-Hawking state is defined such that its inner product yields the original

partition function:
IHH) :/0 dE e PE/2 ¥y, 7(B) = (HH|HH). (5.14)

This expression exhibits the Hartle-Hawking state as a superposition over energy

eigenstates, weighted by a Euclidean evolution factor e #E/2. Tt reflects the standard

2The Plancherel measure given in (4.44) is in terms of the holonomy s, where 4(s) = ssinh(27s). Per-
forming a Jacobian transformation, and normalizing the Casimir yields the described p(E), in line with the

literature.
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gravitational intuition: the path integral over a smooth Euclidean disk prepares a pure
state on a spatial slice, whose Lorentzian continuation describes the vacuum of the AdS,
black hole geometry. In the case of the wormhole, we perform a similar operation to de-
scribe a state along a spacelike slice. In the case of the wormhole, one has two conformal

boundaries, with lengths B;, Br respectively.

Figure 5: An illustration of a Euclidean spacetime wormhole, where f; ,r label conformal thermal bound-

aries in asymptotic AdS space.

The total Hilbert space is generically H; ® Hg. Unlike in the case of the disc, however,

not all states exist as possible states on the JT gravity wormhole.

5.3.1 USING SL(2,R)" BF THEORY TO PROBE WORMHOLE STATES

To determine the possible JT gravity states on the wormhole, we now employ the BF the-
ory framework to this setup. Recall that in BF theory, the observables are given by the
holonomy and the Casimir, where the former determines the latter. To study the worm-
hole in BF theory, we consider the manifold = =2 S! x I, where I = [0, 1] represents the

axial direction of the wormhole, with boundary lengths B;, Br respectively. The action is
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given by (4.24), where the residual symmetries were given as Gres = Gpoundary/ Gbulk in
(4.26). In the case of the wormhole geometry, the residual symmetry group is different
from the disc: Not only do we have two boundaries which each have reparameterization
symmetry, the wormhole breaks the SL(2, R) symmetry of the bulk down to U(1). Fur-
thermore, since the boundaries are connected, this symmetry acts diagonally on both the
left and right reparameterizations. Hence the residual symmetry group after a choice of

gauge is given by:

_ Diff"(S1) x Diff " (S1)

res — 5.15
g U(l)diag ( )

Which, from the analysis of BF theory on the Euclidean disc, would naively suggest

that the bulk Hilbert space is dual to this residual symmetry group; that is,

HWormhole é {|f>L ® |f>R} (516)

Where the Schwarzian modes are now broken by a smaller bulk isometry. However,
there is an important difference in Gres on the wormhole: The Diff " (S') reparameteri-
zations do not act independently. To see this explicitly in BF theroy, consider the action

(4.24) on ¥ =2 S x I, where time runs in the compact direction:
Spr = / Tr(BF) + [ dtTr(BA;) (5.17)
by 0%

Recall that this action is topological in the bulk. Hence, applying a perturbation to the

action only gives a nontrivial contribution from the boundary such that

6Spr =bulk =0+ | dt Tr(BSA, — ArdB) (5.18)
z
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Following the construction of [44], we use boundary conditions which incorporate the
U(1) bulk symmetry — this amounts to setting the generators of U(1) symmetry to zero,

such that the generalized boundary conditions are:

=0 (5.19)

Al =B and Al =B -
ox. ox. ox

x

Where j are the U(1) generators, and § are the residual symmetries not contained in
the bulk. For the disc, this would have been j = h ~ sl(2,IR), however now we have
i ~U(1),j C b ~ sl(2,R).2? With these boundary conditions in place, the variation

above reduces to

1
0Surlgl = 5 | diTe(g™'dt)?,  g(r) € Map(H{, 5) (5.20)

Where Hy 2 SL(2,R)/U(1). Note that 9% = SéL L 5}312 for the wormhole, where
the boundary conditions act identically on both. Furthermore, since the holonomy given
by some g(7) is a topological observable, it must be invariant under such residual sym-
metries, which are definitionally the quotient class of the global symmetries by the bulk
symmetries — this is the critical fact that prevents tensor-product factorization! We now

have all of the ingredients to compute the partition function: States are defined as U(1)-

broken boundary reparameterizations.

2We use ~ to denote that these elements g are the generators of the corresponding lie algebra.
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5.3.2 WORMHOLE THERMOFIELD DOUBLE STATES

Let |¥) be a state defined on an S! boundary of the wormhole. From the reasoning above,

if one requires the JT/BF theory equations of motion to be satisfied, it follows that:
C[¥1) = C[¥r) = [¥1) @ [¥r) ~ p(E)d(EL — Eg) (521)

Where C is the Casimir operator defined in equation (4.7). Hence, the J T gravity worm-

hole states are spanned by the diagonal of the tensor product:
Hdiag = Span(|TEL> ® |‘FER>)E€1R+ (5.22)

Which formalizes the notion that only Casimir-equivalent states defined bulk solu-
tions to JT gravity. Analogous to the Hartle-Hawking state, we wish to construct a state
on a spacelike slice cutting through the Euclidean wormhole: This corresponds to a min-
imal geodesic running along the axial direction, connecting B, and Br. Normalizing the
inner product such that

<\PEL|1PER> = p(E)‘S(EL - ER) (523)

Where the contribution to the inner product of a given state |¥) o e 2PLCYL = o=3PLEL,

we recover the thermofield-double state:
oo 1
TED(BL, Br)) = /0 dE e 3 PLBRE L) @ [p) (5.24)

Which describes a quantum state on the JT gravity wormhole. To recover the two-

boundary Euclidean partition function, we compute the norm of the thermofield double
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state:

(TFD|TFD) = /0 dEdE' e~ 2(PLtpr)(ELHER) (Wp | ) (5.25)
Which reduces from condition (5.21) to the wormhole partition function:
Z(B1,Br) := (TFD|TFD) = / dE p(E) e~ (BL+Br)E (5.26)
0

This differs from the product of the individual disk partition functions — hence one

has nonfactorization on the wormhole:

Z(BU)Z(r) = | | AEAE' p(E)p(E e P1E e 527)

Z(B1,B2) # Z(B1)Z(B1) (5.28)

5.4 EXTENSION TO MORE COMPLEX MANIFOLDS

The issue of nonfactorization is much more general than as it presents in the wormhole.
Recall that for the Euclidean gravitational path integral as given in (5.4), one wishes to
compute the saddles over all possible 2-manifolds which support the JT structure. In
general, a similar phenomenon is observed on higher genus surfaces, where the added
complexity of the bulk not only breaks the symmetry further (as SL(2,R) — U(1) — 1),
but also prevents factorization due to the connectedness of the bulk. When computing

the correlation function (Z(B1)Z(B2)), for example, the full expression as suggested by
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(5.9) is given by a sum over all possible bulk geometries with two conformal boundaries:

Z(p1, p2) = 2/ DgW’D(pe—SJT[guv/fP]
g_O Lﬂg,z

J/

-

I
alind 1 1 2 2
+ / / Dgl D2 D' Dp? e~ ST & 1 =Syl "] (5.29)
g,;;o,o s Ly, P8 D8I

J/

-

II

Which accounts for all of the possible bulk configurations terms. Term I is the higher-
genus expansion of contributions from connected, g-handle bulk geometries, and term
IT is the higher-genus sum of all disconnected bulk geometries, where each has an inde-
pendent number of handles, hence the sum over {g, #}. Considering the leading terms in
each expression (i.e. the g = 0 term and the (g, %) = (0,0) term) yields the product of two

discs from I, and the wormhole from II respectively:

Z(;Blr ,BZ) ~ ZdiSC(ﬁl)ZdiSC(ﬁz) + Zwormhole(.Bll ,32) +oe (5-30)

It is precisely the existence of these connected terms that prevent factorization.

Figure 6: A diagrammatic representation of the terms above, preventing factorization on Z(f1,.B2). (Photo

from Santos et. al., AdS Wormholes)
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6 INTERPRETATIONS OF NONFACTORIZATION IN JT GRAVITY

While the geometric origin of nonfactorization is well understood, its meaning and sig-
nificance as a challenge to traditional holography remains to some extent a mystery. In
the following section, we survey the main interpretations of this fact, which will serve as

the motivating tension for the remainder of this work.
6.1 THE WORMHOLE AS A SINGLE-BOUNDARY SYSTEM IN JT GRAVITY

The calculation above forms the primary motivation of one of the overarching themes of
bulk quantum gravity theory, mainly that well-defined theories of quantum gravity in
the bulk may not require a factorizing boundary Hilbert space as one might expect from
traditional holography. This is the perspective of Daniel Harlow and Daniel Jafferis [20].
Their central thesis is that JT gravity, when considered on the wormhole geometry, is both
a well-defined theory of quantum gravity (i.e. it has a dual boundary theory and permits
bulk states), however it simultaneously lacks a well-defined boundary CFT. While this
may not seem significant, it is contrary to the expectation of traditional AdS/CFT. Fur-
thermore, Harlow and Jafferis argue that one should think of JT gravity as — fundamen-
tally — a “single boundary theory”. That is, states in the bulk are defined with respect to

the inner produce of Hartle-Hawking states such that
Zyr(B) = (HH|HH) 61)

Such that the nonfactorizing state is recovered in the bulk. This is essentially the line
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of reasoning outlined in Section 5: Because the equations of motion prevent JT gravity
from having non-isometric Schwarzian boundaries on boundaries connected by a bulk,
not all boundary pairs may realize a possible bulk geometry, and hence the theory should
not even be expected to factorize.

From this perspective, a reinterpretation of the single-boundary Euclidean path in-
tegral is suggested: Because the pure JT gravity system violates traditional AdS/CFT
duality, the subsequent interpretation of Z () as the thermal partition function may be an
oversight. This interpretation also has the effect that wormholes — and by extension any
higher-genus surfaces in JT gravity — ought not to contribute to the microstate counting
of the black hole entropy, since they do not have well-defined CFT duals. This ontology
is derived from an axiomatic perspective, rooted in quantum mechanics: theories which
do not factorize violate the corresponding axiom of quantum mechanics, and thus should
not be considered when computing observables.

One possible interpretation of the work of Harlow and Jafferis is that the notion that
pure JT gravity does not support “multi-boundary” configurations in the traditional sense.
As evident from the wormhole solutions, the theory only has the degrees of freedom
given on one boundary. Therefore, any state in the bulk JT theory can be described by a
single-boundary Hartle-Hawking state.

The analysis of Harlow and Jafferis is done entirely in the Lorentzian signature. They

do not consider the off-shell configurations of the bulk to be meaningful, as from a Lorentzian
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perspective these are nonphysical solutions, despite the fact that they are typically in-
cluded — though exponentially surpressed — in the Euclidean gravitational path inte-
gral. This reinforces the central notion of their work: All solutions beyond the single-
boundary, physical solutions are not meaningful in articulating a well-defined CFT.
Hence higher-genus, multi-boundary configurations — as well as off-shell configura-
tions of the theory — due to their violation of factorization, do not contribute meaning-
fully to pure JT gravity. The exception to this rule sets the stage for the alternate approach
to the issue of factorization, which Harlow and Jafferis acknowledge: One may sum ar-
bitrary topologies and off-shell configurations so long as the theory is treated as an en-
semble dual. This “ensemble average” dual theory will be a central object of study of the
remainder of this thesis, as it has provided a nonperturbative definition of Euclidean JT
gravity as dual to an ensemble average of Hamiltonians on the boundary, expressed as a

double-scaled matrix integral.
6.2 THE ENSEMBLE-AVERAGE INTERPRETATION

The work of SSS has had a profound impact on the understanding of 2D quantum gravity.
Inspired by the emergent AdS; symmetry of a random matrix model of quantum gravity
— the Sachdev-Ye-Kitadev model [21, 21, 14] — SSS have shown a duality between the
perturbative expansion of the Euclidean path integral of JT gravity and a double-scaled

matrix integral.*® This duality provides a nonperturbative expression for the genus ex-

30For an introduction to the SYK model and its connections to the work of SSS, see Appendix D
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pansion in Euclidean JT gravity, where the genus expansion is precisely equivalent to the

w1
12-

expansion” determined by the matrix integral. Furthermore, the duality provided by
SSS suggests an “ensemble” factorization of JT gravity, such that the bulk theory is dual
to an ensemble of Hamiltonians on the boundary. To contextualize the following chap-
ter which seeks to reinterpret the nonperturbative formalism SSS through the ontology of

Harlow and Jafferis, we provide an overview of the key results and techniques developed

by SSS.
6.3 CONSTRUCTING A FACTORIZING THEORY: THE PROCEDURE

The central result of SSS was a nonperturbative, factorizing expression for the n-boundary
partition function of JT gravity, Zeav(pB1, ..., n). For the sake of clarity, we begin with
the single-boundary expansion, just as in SSS. Recall from the expansion (5.29) that the

Euclidean gravitational path integral for a single boundary takes the form

Z(;BL,BZ) - Z/ Dg‘uv'l)gbe_sﬁ[gﬂwqb] (62)
g=0 Mg
Z(lglf 132) = Zdisc(,B) + Z ESO(l_Zg) / Dg}ﬂ/D(P E_S]T[gyw‘P] (63)
g=1 Mg

Where each term in the expansion corresponds to a bulk with g handles.

Figure 7: Illustration of the first few topologies in the (g, 1) expansion. (Photo from [1])
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The general procedure for computing these higher-genus terms is as follows: One
considers “gluing” a trumpet with a conformal boundary of length B to a g-handled bulk,
integrating over the moduli space of possible bulk geometries for each Schwarzian mode
the trumpet may have. The moduli space of such bulk geometries can be parameterized
by the minimal geodesic along the horocycle where the trumpet is glued to the bulk.

For a given geodesic of length b, the space of possible bulk geometries is given by
the Weil-Petersson volume, which for a generic manifold takes the form Ven (b1, ...,bn) As
given originally by [63], and used in [1]. The {b;} are understood to be the n minimal
geodesics onto which the trumpets are glued. Critically, this volume assumes that the
bulk metric restricts to the identity on each minimal geodesic. Thus, for a given b, one
has the total space of bulk geometries for a given genus. To then consider the whole
manifold, one must glue the trumpet geometry along this minimal geodesic such that
the metrics align. To do this, however, requires a method of interpolating between the
Schwarzian state density p<(E) on the trumpet’s conformal boundary and the minimal

geodesic length b.

K‘

geodesic of
length b

Figure 8: An illustration of the 2-handled, 1-boundary manifold, which has a moduli space dependent on

the length of b;. (Photo from [1])
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6.3.1 CONSTRUCTING THE TRUMPET

A key object derived in the SSS model is that of the “half-trumpet”, which has one confor-
mal boundary of length  and another fixed to be length b. For a Schwarzian eigenstate
density p(E), the following prescription gives a method for converting the Casimir into
a minimal geodesic along which the trumpet is glued to the bulk. To begin, consider the

hyperbolic coordinates from which the trumpet will be cut:
ds®> = dr? 4+ cosh®(r)dt®, T=T1+b (6.4)

Note that this geometry has a residual U(1) axial symmetry. Taking the boundary to

be at some fixed length, we have

2
ds? = cosh?(r.)dt? = (947) du®

=7 6.5
bdry cosh(r.)? (6.5)

Where 7(u) is an element of Diff(S'). The induced Schwarzian action on the boundary

is then given by a coordinate transformation (as in the case of the hyperbolic disc):

p
oy = =7 | du e, u} (6.6)

Which allows for the computation of the partition function.?! Expanding the Schwarzian
modes perturbatively (as in (2.30)) and doing some integration by parts then yields an ex-

plicit expression of the trumpet’s partition function:

Z(b,B) = /ﬁe—wﬂﬂﬁ (6.7)

317 is a constant proportional to the eigenstate density.
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Which gives an explicit density connecting the density of b to the density of Casimir
eigems’ca’ces.32 Recall from expression (5.15) that a broken bulk symmetry implies repa-

rameterizations are only bulk-isometric if they differ by U(1) symmetry. Hence,

)1 Zsew) )2 2 1)1 Zuay If)g for |f); € Diff(S") (6.8)

This is not necessarily a problem, as the holonomy is a topological observable, and
is hence insensitive under non-bulk-isometric parameterizations which give the same
holonomy. In the following chapter, we will examine this “coarse-graining” in much

more detail.

6.3.2 CONSTRUCTING THE WORMHOLE FROM TRUMPETS

Now that we have an expression for the partition function of the trumpet in terms of the
minimal attaching geodesic, we can construct the wormhole by gluing two trumpet ge-
ometries to a bulk manifold with zero handles and two minimal geodesics, corresponding
to the term V{ (b1, by). This corresponds to the leading term in Z(B1, B2) as expressed in
(6.2):

ZWH(,BL,BZ): P DgW’D(Pe—S]T[g;m(P] (6.9)
Ao

Which, in the language of the above machinery, can be expressed as in integral param-

eterized by by, b, performed over the Weil-Petersson volume, together with the trumpet

32Note the a~1/2 in the final expression. This is a normalization constant from the Gaussian integrals —

it will be omitted for clarity, as it can be absorbed into Sy.
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partition functions computed above. All together, this gives an expression for the worm-

hole contribution:

Zwi(Br.B2) = | N / " b1dbibadba Voo (b, b2) Z< (b, 1) Z< (b2, B2)  (6.10)

Which can be evaluated explicitly. Note the includion of an additional factor of b; in
each integeal: This follows from the fact that there is a U(1)-redundancy in the gluing of a
wormbhole to the minimal geodesic: This is the same U(1) bulk symmetry found in (5.15).
Hence a geodesic of length b; allows for a “twist parameter” (0 < T < b) between the
trumpet and the bulk.

As geometric intuition might suggest, the wormhole only has one minimal geodesic;
this is the minimal throat of the hyperbolic geometry. As mentioned in Appendix B, the
Weil-Petersson volume for the Wormhole is a normalized delta function §(b; — by). This
will not happen in general, but it reaffirms the earlier perspective from our discussion of
the JT gravity wormhole that no off-shell configurations exist.

Evaluating (6.10), one finds an explicit expression for the wormhole partition function:

Zuna(Bu o) = [ by ([ 2o ) ([T % (611)

6.4 MORE COMPLEX MANIFOLDS AND THE FULL Z¢grav

The calculation above is, in fact, very similar for manifolds with an arbitrary number of

handles and boundaries. For a specific topology with g handles and n boundaries, one
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integrates over the Weil-Petersson volume where each V, (b, ..., by) is then multiplied

by the corresponding array of trumpets given by Z_(B1,b1), ..., Z<(Bn, bn).

Figure 9: An illustration of the four-handled, three-boundary manifold. The contribution of this piece is
given by a triple integral over the minimal geodesics {1, by, b3} with measure Vj 3(by, by, b3). (Photo from
(1)

The expression for Z, , with conformal boundaries {8;} is the natural extension of

equation (6.10) is given as:

Zo(Br, s Br) = / [ﬁbidbiz<(ﬁi,bi) Vi (b, b) 6.12)

Z(bi B) = ,/%ﬁ,e“’?/ 2% (6.13)
1

From which we can write the full partition function, which contains a sum over all

possible connected bulk geometries as:

<Z(ﬁ1,..., ,Bn)>corm. = i Z§Z52§;é+,;?2n)

g=0

(6.14)

Where the left hand side is manifestly an expectation value, due to the duality to the

random matrix expression. Any non-connected geometries can be given as products of
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these connected pieces, hence the above object characterizes the full perturbative expan-

sion of JT gravity as dual to the double-scaling limit of a random matrix integral.
6.5 THE RANDOM MATRIX DUAL

To make sense of the central thesis of the work of Saad Shenker and Stanford, one first
requires an understanding of the “random matrix dual” theory they construct. For a
review of the study of random matrix theories, see [64, 65, 66], and for an introduction
to their connection to JT gravity and SYK, see Appendix D. For now, let us consider the
generic setup of Random matrix theories, outlining their connection to JT gravity as we
progress.

Recall from section 4 that the partition function of JT gravity on the disc was given by

Zo1(B) = Tr(e PH) = /Ooop(E)e—ﬁE, o(E) = sinh(271VE) (6.15)

Which was derived from Casimir density of the principal series representations of of
the Schwarzian states. As we have seen, this expression fails to include contributions
from the connected topologies which arise in manifolds with more than one boundary.

As seen in section 5, the issue of factorization manifests as

Z(ﬁl/“'r .Bn) = Z(.Bl)z(ﬁn) + Zwormhole(lglr-') + .. (616)

Which prevents a unique dual boundary theory from describing the bulk. However, if

one considers a particular distribution of Hamiltonians represented by L x L Hermitian
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matrices { H}, then the partition function is no longer an exact expression, but rather an

expectation value. Translating the above expression to a matrix integral [1, 66] reads:

Z(Bry o ) = <ﬁTr(erBiH)> - /dHy(H) [Tl ¥ 6.17)
=1

V(H) — e_LTr(V(H)),/dHV(H) =1 (618)

Where the LTr(V(H)) encodes the probability of a given matrix H in the ensemble
draw, and gives a normalized measure y(H) on the distribution. V(H) is a potential
defining the theory, analogous to the Boltzmann potential in statistical mechanics. That
is, we have an integral over a distribution of Hamiltonians, where for each Hamiltonian,
we compute the partition function and average over the ensemble. The important data of
the above expression is the eigenvalue density of the ensemble. For any Hermitian matrix
H, one has H =& UAU" where A = diag(Aq, ..., Ar), hence one may define a measure on

eigenvalues [66] as:

dH = [dU] T (A — Aj)* [ T dAs (6.19)

i<j
Where [dU] is the Haar measure on the unitary group U(L). From this expression, one

may rewrite expression (6.17) as

L
Z(B) = (Tr(e PH)) ~ / dAy.dArpL (A, oy Ar) Y e P 6.20)
i=1

pr({Ai}) = TT(Ai = Aj)2e EEV(N) (6.21)

i<j
Where “~" is suggestive of the fact that at finite L, the distribution p is discrete. Since
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JT gravity has a continuous eigenvalue spectrum, this can only potentially give an equal-
ity in the limit L — oo limit. Note that this machinery naturally generalizes to an n-point

correlation function. For a partition function with n conformal boundaries, one has:

n L
Z(Bi, ... Bn) = <1‘[Tr(e/3fH)> ~ / dAr..dApr (M, AL T [Zeﬁm] (6.22)
j=1 i=1

n
=1
Which will provide the contribution for the n-boundary manifolds in Zgyay.

6.5.1 THE DOUBLE SCALING LiMIT

Note that the above equation is an approximation, since the distribution of eigenvalues
for a matrix of finite rank is discrete. However, for a suitably-steep® rational V(H), one
recovers an analytic eigenvalue density in the limit, with O(1/L) fluctuations for finite L.

density

-2 0 2 z

Figure 10: For a Gaussian potential V(H) ~ H?, one recovers the famous Wigner’s semicircle law: The
eigenvalue distribution is given by a semicircle, where finite L approximations have wavelike fluctuations

with frequency ~ O(L) and amplitude O(1/L). (Photo from [66])

We denote p(x) to be the “equilibrium density” of eigenvalues, explicitly defined as

L
p(x) = lim % <Z o(x — /\i)> (6.23)

i=1

$Technically, one requires limy—_, V(x) — log |x?| = co. For a rigorous derivation, see [67].
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Up to now, we have considered p as a joint density of a particular set of eigenvalues
{Ai}1<i<r — the expression p(x) is the coarse-grained density, indifferent to correlations.
This is the leading-eigenvalue density — if this random matrix formulation is to be dual
to JT gravity, we wish this to correspond to the Plancherel Casimir density p(E).

Because JT gravity does not factorize, any successful theory must account for the con-
tribution of Zconn(B1, ..., Bn) to the path integral — in the random matrix model, these
contributions will arise as correlation functions in the eigenvalue density. Note that the

two-point connected correlation p(x1, x) can be expressed similarly in a L — oo limit:

pr(x1,x2) <1]215x1 5(xg— A > <Z§x1 ><Z§x2— > (6.24)

p(x1,x2) = lim pr(x1,x2) (6.25)
L—o0

Which gives the connected two-point correlator. It is no coincidence that formula

(6.24) takes the same form of

Z(B1,B2) = Zeconn(B1, B2) — Z(B1)Z(B2) (6.26)

Though now with expectation brackets.

6.5.2 RIBBON DIAGRAMS AND Zgrav EXPANSION

Now that we have developed the framework of these n-point correlators, it will be fruitful
to interpret them not as algebro-geometric objects, but as Feynman diagrams. Recall from

QFT that any n-point correlation function of (Gaussian) random variables can be written
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in terms of a product over propagators A;;:

0 if n is odd,
<xti1xi2 ces xin> = (627)

Y, ] Ay ifniseven.

pairings pairs (i,j)

Where A descends from V(H), and hence determines the space of correlation func-
tions. Furthermore — just as in QFT — one has that the correlation function (x;,, ..., x;,)
can be expressed diagrammatically as a sum over Feynman diagrams. Similar rules ap-
ply: for an expectation of n variables, where each x; is repeated pj times, one has a sum
over diagrams, weighted by the corresponding propagators, and dividing by the auto-
morphisms.

These correlators will prove immensely useful in computing the Euclidean path in-
tegral of JT gravity, as they provide a recipe for the ensemble calculation of Z in terms
of expectation values of products of H. Recall that in equation (6.17), the object which
determines Z(B1, ..., ) is a product of traces of efil. For the case of the general ensem-
ble given by V(H), the power series of each trace gives a product of matrix elements
~ (H;jHy...Hpg). For a Gaussian propagator, Wick’s theorem gives: (H;;Hy;) = %(Siléjk.

Continuing the analogy to QFT, recall that graphs are indexed by the number of ver-
texes. This is similar to the expansion in Random matrix theory, however there is an
importance difference: unlike in QFT, RMT diagrams have a nontrivial two-dimensional
structure: the edges (i.e. matrix indices) attached to each vertex are ordered cyclically,

which define an oriented polygonal face, introducing nontrivial complications to the
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counting. For a given k, the corresponding graphs which represent (Tr(H)) are hence

given as “ribbon” diagrams, which are Feynman diagrams with this extra structure.

Figure 11: Because ribbon diagrams store nontrivial data on each face, they are often represented as “maps”
rather than 1-dimensional graphs. Above is an example of a map with genus 2 and three boundaries, where

insertions of H correspond to boundary loops. (Photo from [66])

Note that in ribbon diagrams, edges correspond to contraction: from the above expec-
tation value, this contributes a factor of 1/L. Faces correspond to free indexes which are
summed over, contributing a factor of L. Vertexes count the exponent k, which brings in
another factor of L from the coefficient in (6.17). Thus, for a given ribbon diagram, one

has a prefactor of L” given by

b = Faces — Edges + Vertecies (6.28)

Which is precisely the Euler characteristic x. This gives p(x1, ..., x,) as a perturbative
expansion in factors of 1/L?, corresponding to the factors of g indexed by x. Thus we

have corrections from the leading-order contribution p which take the form

) (X1, ooy X))
[28+n—2

(6.29)

© (8
Peonn (X1, «oy X)) = Lh_{n y P
oogzo
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Where p8(x1, ..., x,) is the amplitude from the ribbon diagrams of genus g. Note that
this equation immediately implies pg(x) = p(x) — the limit distribution of eigenstates is
given by the zero-genus (disc) contribution, which aligns with expectations.

We can recover Zg (1, ..., fn) from p(x1, ..., x,,) via a Laplace transform:

Zon(B1y s Bn) :/0 dxl...dxnp(g)(xl,...,xn)efzﬁfxf (6.30)

Plugging this into (6.22), and choosing L = e gives:

[e9) 1 B .
(Z(B1, s Pn))conn = Z W/dxl...dxnp(g)(xl,...,xn)e LBjxj (6.31)
§=0
> Zgn (B s Bn)
<Z(ﬁ1/ Y ,Bn)>conn = g;) i50(2g+n_2) (6.32)

Which matches the previous construction exactly. This is the contribution to Zgray
from the n-boundary connected component. As we have seen, this is expressed as a per-
turbative sum of ribbon map coefficients over g, such that the coefficient corresponding
to the (g, n) manifold has L% (&1), The terms 0(X1, .-, Xn)conn (and their genus perturba-
tions) derive from a particular choice of V(H) — in the case of [1], one chooses V (H) such

that p(x) o sinh(2711/E) such that the Plancherel density is recovered in the ¢ = 0 case.
6.6 INTERPRETATIONS OF RMT WORMHOLES

The ensemble dual (6.32) provided by [1] has raised many questions regarding the scope
of traditional AdS/CFT, however it has also shed light on the nonfactorization puzzle
itself. The dictionary between the perturbative expansion in JT gravity and the random
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matrix integral provides a new perspective on the nonfactorization — note that in QFT

[34], one has for a two-point correlator:

(@(x)o(y)) = (9(x)){P(y)) + (P(x)¢(¥))conn (6.33)

Where the last term is the contribution from a nontrivial correlation function. Note
that in Lorentzian spacetime, [¢(x),¢(y)] = 0 if x and y are spacelike separated events.
Though it is an interesting phenomenon, it is not a paradox in any sense of the word
— the commutator [¢(x), ¢(y)] still vanishes for spacelike separation, but entanglement

persists, because the Wightman (symmetric) correlator

{Olp(x)o(y)|0) (6.34)

Remains non-zero, so the vacuum is an entangled state across the two commuting
local algebras, and the Hilbert space of states still factorizes. In the context of JT gravity,
the canonical example of nonfactorization is first seen in the wormhole, which written in

the language of SSS is given by:

(Z(B1,B2)) = (Z(B1))(Z(B2)) + (Zwn(B1,B2)) (6.35)

Where each expectation value is understood as dual to the asymptotic genus expan-
sion as in (6.32). The similarity to QFT is by no accident: It is precisely the RMT for-
mulation of JT gravity’s genus expansion that suggests the non-factorizing contributions
are due to nonzero correlations between boundary states. However, this nonzero con-

tribution from the connected correlator is understood in JT gravity as a geometric bulk
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connection, which as we have seen prevents a tensor-product decomposition as in QFT.
More precisely, one cannot factorize connected bulk geometries since there is no notion
of “independent substates” as one has in QFT. Recall that the F = 0 constraint in JT grav-
ity prevents independent selection of boundary Schwarzians — this is more fundamental
than entanglement: In the Harlowian sense, not only are independent boundary entan-
gled: they are geometrically constrained to be.

The caveat to the above point is if one instead labels each boundary by its own copy
of an independent Hilbert space such that the full boundary space is H1 ® - -+ ® Hy,
then a connected bulk saddle simply correlates — rather than factorizes — the states

on each respective boundary. In this interpretation, the generic Hilbert space is indeed

®#of universes H

; i, and a connected bulk configuration (g,7) can be understood as an en-

tanglement structure between universes. For a unique bulk (or a finite combination of
bulks), the boundary Hilbert space can be understood as a unique, nonfactorizing dual
theory, just as one does not have factorization in entangled operator algebras in QFT. The
full sum however ¢ — oo complicates the perspective: Including the entire sum of bulk
geometries, as [1] have shown, requires a dual theory constructed from an ensemble of

Hamiltonians.
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7 THE ENSEMBLE AND THE FINE-GRAINED PARTITION FUNC-
TION

In this section, we explore a “fine-grained” prescription for the construction of bulk ge-
ometries in [1]. The procedure outlined above is a prescription for computing the genus
expansion through the lens of Random Matrix theory, where the geometric picture gives
a gluing procedure for affixing trumpet geometries to a given bulk via an interpolation
between the bulk moduli (Weil-Petersson) volumes and the Schwarzian Casimir density.
This procedure is, in some sense, a coarse-graining procedure for identifying states by
topological invariants corresponding to the observables in BF theory (See chapter 4).

In this chapter, we refine the duality between Jackiw-Teitelboim (JT) gravity and ran-
dom matrix ensembles by incorporating the full boundary reparameterization data. While
the coarse-grained description in terms of Casimir eigenvalues suffices for topological ob-
servables, fine-grained correlations among Schwarzian modes exhibit chaotic behavior on
their own.

In Saad-Shenker-Stanford [1], each fixed-boundary Casimir eigenvalue corresponds to
an ensemble description of the genus expansion, where contributions to the eigenvalue
density arise through topological recursion and moduli-weighted bulk geometries. How-
ever, the projection from the full space of Schwarzian modes onto Casimir eigenvalues
overwrites fine-grained information about distinct Schwarzian states in the trumpet par-

tition function: distinct boundary reparametrizations corresponding to the same Casimir
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are treated equivalently, potentially losing correlations that survive in individual real-
izations. The goal of this fine-grained procedure is to better understand the origin and
necessity of the ensemble in describing the full behavior of JT gravity.

Though simplistic, the discussion below provides clarity on the distinction between
multiple mechanisms of chaos within JT gravity, suggestive that a more refined dual the-

ory may be needed to account for the fine-grained moduli space dynamics.
7.1 THE FINE-GRAINED CONSTRUCTION

To begin, we wish to adapt the SSS gluing procedure to account for the fine-grained data.
We begin by acutely identifying the coarse-graining in the SSS model, reformulating it
as an integral explicitly containing the fine-grained Schwarzian structure. Recall the glu-
ing procedure outlined in chapter 6 required that the induced metric along the minimal
geodesic be trivial,** implying that the boundary metric (upon gluing) must be gauge-
equivalent to the identity modulo a rescaling corresponding to the holonomy b. By the
equations of motion in JT gravity, this implies the conformal boundary parameterization
in gluing must also be identity up to SL(2,R) — we have traded a density of Schwarzian
Casimirs for a density of minimal horocycles. While the partition function of both objects

has support in R™, the true distribution of Schwarzian modes is much larger, though only

34up to a Fenchel-Nielsen parameter T to account for the U(1)-invariance
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significant for fine-grained statistics. This construction implicitly defines a map

.. R _p2
p.g Sasimin &gy B2 7.1)
P : Diff " (1) / Gpux — RT (7.2)

Where the infinite-dimensional boundary data is coarse-grained to the positive real
line of Casimirs.®® The resulting expression for the trumpet partition function therefore
captures the contributions of boundary reparameterizations only through their associated
holonomy, without resolving finer distinctions among states with identical Casimir. For
all purposes of computing observables, this is fine: recall that in the BF theory formula-
tion, observables are contained in topological invariants (i.e. Hol(|f)), Tr(B?), and hence
are insensitive to coarse-graining.

The purpose of the analysis below is to investigate the late-time spectral behavior of JT
gravity, ideally making a connection between fine-grained statistics to the Spectral Form

Factor.

%The space {|f)}sch := S/Gpux more precisely is an infinite-dimensional, connected, and simply con-
nected Fréchet manifold with natural symplectic structure arising from the Kirillov-Kostant-Souriau (KKS)
construction on the coadjoint orbits of the Virasoro group. The projection thus collapses each of these orbits

onto a single b.
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7.1.1 THE FINE-GRAINED PARTITION FUNCTION

We now wish to write out the fine-grained partition function, where the structure of the

Schwarzian modes is retained. Our starting point will be the expression (6.13), given as:

Zen(B1, - Bn) = /M ,”WPH [\/W _sz/zﬁ] (7.3)

&mn

Which encodes topologically the flatness constraint on boundary modes,
F=0« fio---fp=1 (7.4)

Note that this condition is insensitive to coarse-graining, as F = 0 is a topological
condition and hence only depends on the Casimir of the mode. To formulate this as an
explicit integral over all Schwarzian modes, we propose a possible refinement: Rather
than consider the integrand to be over the trumpet partition functions, one considers
the full space of Schwarzians associated with a given minimal geodesic as the analogous
object. Recall that the trumpet partition function was obtained via a Laplace transform

on the partition function of Schwarzian Casimirs, and is given as:

sch C/ sinh 27'(\/—) (7.5)

To write this as an integral over all Schwarzian modes, the corresponding object should

thus be the equivalent integral, but rather than integrating over Casimirs, we integrate
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over the full space S. This is known as the Alekseev-Shatashvili (AS) action:

gy [ DPrxsUi) _-susifs
Zbdry(bzugz)_ 5, VOl(SL(Z,]R))e AS (7.6)

Saslfi i =C [ du {(f,u), S ={1f) €SICIP =B =02/27) ()

That is, the domain of the integral is over all Schwarzian modes with fixed Energy.
Dukgs(fi) is the canonical (Kirillov-Konstant-Souriau) symplectic measure, normalized
by the coadjoint orbit®® of SL(2, R) which leaves the Schwarzian action invariant. Substi-

tuting yields:

fine — L Ah. ) p—Sas(fi:Bil
Zoyw (B1, -+ Bn) /]R I <bldbl /Sbl- Dugs(fi) e =as ) Ven(b1,...,by) (7.8)

Ti=t
As the extension of the SSS action to include the fine-grained structure. This partition
function can be understood as the equivalent to coarse-grained one with an added struc-
ture: At each point {b;} in the coarse grained structure, one now has a fiber bundle of all

Schwarzians which satisfy C |f); = b?/27. Explicitly, one has:
Epyyopy = Spy X - X Sy, Spi={f € S|Cf =7} (7.9)

Which is the implicit fiber of Schwarzians above the Saad-Shenker-Stanford construc-
tion, embedded in the trumpet partition function. The fiber bundle &, ;, is analogous to
the space of residual gauge symmetry in BF theory — invariant under topological observ-

ables, but potentially significant for late time chaos. The fine-grained structure is hence

36The same orbit explored in Section 4 on SL(2, R)* BF theory
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tully consistent with the coarse-grained SSS gluing at the level of topological sectors, yet

retains additional microstructure within each Casimir fiber.
7.2 RECOVERING THE EARLY TIME SPECTRAL FORM FACTOR

Now that we have a partition function for a given bulk, the next step in computing the
Spectral Form factor is to perform a summation over genera. As discussed, the Moduli
space of bulk geometries is topologically constrained, and thus the genus expansion fol-
lows identically for the fine-grained partition function. Adapting the general procedure

in Euclidean JT gravity, one has

ine - Zf,ige(ﬁ ""’IB”)
Z,f1 (‘31,---,,311) = Z : (6501)?(8/”

g=0

(7.10)

Which behaves identically when considering topological observables. For the sake of
computation, let us consider the n = 1 case in constructing the Spectral Form Factor (SFF).
The SFF is a Fourier transform on the connected correlator of states; its dip-ramp-plateau
profile is a diagnostic of level repulsion and quantum chaos. The generic form of the SFF

calculated via analytic continuation of thermal boundary time, expressed as:

SFE(t) = Z(B +it)Z(B — it)* (7.11)

For the fine-grained partition function above, the SFF for the case n = 1 is:

> 1

SFEYS() = L eyt 2t B+ D7 (B — i)’ 7.12)
g,h=0
Zghe(B) = /IR+ bdbV,1(b) [ /S Dxs(f)e >asUP! (7.13)
b
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To probe the early-time behavior, we wish to consider the leading-order contribution
in the topological expansion. The ¢ = n = 0 term has trivial Weil-Petersson Volume, and

hence the SFF can be reduced to:

SFFANe (1) ~ 2% < D) Du( F)eSaslfipitl=Saslfipit] (7.14)
X

Furthermore, we consider the typical expansion in Schwarzian modes® — valid at

early times — such that:
f(u) = u+e(u) + O(e?) (7.15)

Saslf,BEit] = C%ﬁiit du{f(u),u} ~ Cygﬁiit due” (u)? (7.16)

Which reduces the expression for the SFF down to product of Gaussian integrals

SEE, (1) a €250 / peme—fe"wwu—fé”wwu:ezsoj{ det(94) du (7.17)
10 W\/ (9%)

Where ., y_ are the contours corresponding to (0,8 =+ if), and the simplification
down to an integral over the determinants follows from performing the functional in-

tegration over Gaussian fluctuations in the Schwarzian field. This integral is well known

—3/2

from Virasoro algebras to yield (for each contour) a form (p =+ it) ~>/#, which corresponds

to a SFF of

250

(B it)2(B— it

SFF, () ~ = 250(B2 4 12)73/2 (7.18)

Which is the first-order approximation of the leading order terms, valid at short timescales

t < €2%. As a sanity, check, note that the corresponding SFF calculated from p(E) is given

37 As in section 2.3.2
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at leading order as p(E) ~ 271v/E + ..., which yields the power-law decay, corresponding

to the early-time decay in the full SFF.
7.3 CHAOTIC DYNAMICS OF THE SCHWARZIAN FIBERS

As we have seen, holding topology fixed still suggests that the dynamics within a given
tiber of S}, exhibit genuine quantum chaos. To probe further, let us examine the complex-
ity growth from these Schwarzian fibers in terms of their Lyapunov exponents. In this
case, the Schwarzian “Out-of-Time-Correlator” (OTOC) is known to grow exponentially

[68, 21] at early times. It is given to be:
Cortoc(t) ~ /P, (7.19)

Which is a contribution purely from the fixed-bulk Schwarizan [69], and saturates the
Maldacena-Shenker-Stanford bound on chaos [70]. Furthermore, higher modes in the
Schwarzian action mix distinct Fourier modes €,, coupling an initially local excitation
across the entire coadjoint orbit on the time-scale t ~ 50 [21]. Thus the fibers alone
are sufficient to scramble information up to the “complexity time” commonly associated
with maximal chaos. The boundary Schwarzian fibers thus influence complexity growth
for times t ~ ¢%, suggesting the asymptotic divergence from higher genus topologies is

not the only contribution of chaos for this timescale.
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7.3.1 BOUNDARY AND TOPOLOGICAL CHAOS

To grasp more deeply where the late-time chaos originates, it is helpful to consider the
full genus expansion. For the case of one boundary, the above formulae reduce to an

expression of the form:

zi~8) = [ . Z eso zg+n =) [ / Dpxs(f)e 45U+ (7.20)

Which has the same divergence mentioned in Section 6.6.1, as V; 1 still diverges fac-
torially [1], independent of the graining. This should not be a surprise — the asymptotic
divergence is a topological property, hence it is insensitive to a choice of graining. The in-
terpretation that each successive topology provides a unique Casimir density spectrum is
understood in the fine-grained picture as the asymptotic divergence of the genus-indexed
Schwarzian spectra.

In the fine-grained formulation, the onset of chaotic noise at late times can be seen to
arise for two reasons. The previously discussed, fixed-genus behavior is suggestive of
quantum chaos at times ¢ > ¢%. The second source of chaos is from the genus expansion,
where higher-genus terms are suppressed at first, then diverge for large g. This is the
mechanism by which the coarse-grained SSS model reproduce the signature “ramp” and
“plateau” of random matrix theory.

Our rudimentary analysis of the fine-grained description is suggestive that chaos in

JT gravity arises from two mechanisms. Chaos in the nonperturbative Schwarzian dy-
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namics at the boundary, and graining-independent topological chaos from the factorial

divergence of the Moduli volumes, which suggest some necessity in the RMT dual.

7.4 INTERPRETATION OF THE ENSEMBLE

The above chapter was intended to clarify the ontological status of the ensemble average
dual in JT gravity. In this consideration, we have constructed a “fine-grained” adaptation
of the SSS partition function, in which we considered the partition function of JT gravity
as an integral over all possible microstate configurations, rather than the usual topological
reduction.

One interesting facet of this RMT dual is its smoothing of the topological chaos. Since
the prescription for constructing bulk geometries fundamentally restricts the Schwarzian
tibers, it is difficult to distinguish the effect of the RMT dual on smoothing the chaos of
the Schwarzian dynamics on each fiber, or if the topology-fixed chaos examined above at
early times is projected out only as a means for computability.

As discussed in section 5, there is no theoretical issue in constructing a unique dual
theory for a fixed-topology, though the hypothetical existence of a nonperturbative, unique
boundary Hamiltonian dual to the full summand remains unknown. If every consis-
tent completion of the full JT genus expansion necessitates an average over Hamilto-
nians, then the ensemble description would appear to be the more fundamental, non-

perturbative language for two—-dimensional quantum gravity.
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7.4.1 QUANTUM COMPLEXITY AND FIBERED CHAOS

As we have seen, the two origins of chaos in JT gravity have an interesting interpretation
through the lens of quantum complexity, particularly with respect to the Brown-Susskind
Conjecture [71, 72], which suggests an upper bound on complexity growth at times t ~
e%. The fine-grained analysis suggests a narrative for this complexity growth: At early
timescales t < e%, it seems complexity is driven by dynamical boundary chaos from the
Schwarzian modes, as the higher genera contributions are suppressed by powers of e~X%0.

At late times, however, it appears complexity is further driven by topological chaos
arising from the divergent genus expansion, which has only found nonperturbative an-
swers via ensemble-averaging techniques — the “ramp” and “plateau” of the late-time
SFF are hallmarks of RMT, and bolster the ensemble interpretation as ontologically mean-
ingful beyond its computability. This complexity growth aligns closely with the conjec-
tured duality [73, 74] between complexity of states in quantum gravity and Euclidean
wormhole volume — if this conjectural relationship holds in AdS,, a the complexity of a

dominant saddle-point contribution to Vsaqqie
Complexity & % (7.21)

N

May be increasingly important at late times.
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8 SUMMARY

The aim of this work has been to understand nonfactorization in JT gravity through mul-
tiple lenses. We began with the origins of this theory of gravity and its manifestation
as a natural theory to describe the near-asymptotic, Robinson-Bertotti geometry of black
holes. We then introduced an alternative formulation of this theory as a topological "BF
theory”, noting the structure and duality between bulk and boundary states as a conse-
quence of the topological invariance of the JT gravity’s observables. BF theory provided
a crisp, topological understanding of the dynamics in JT gravity: it was from this point
that we turned our attention to the frontier: The issue of nonfactorization.

Using the language of BF theory, we introduced nonfactorization as the unavoidable
consequence of the application of the Euclidean gravitational path integral, examining the
canonical spacetime wormhole from which nonfactorization first emerges. The wormhole
states were presented in the language of entangled Thermofield Double (TFD) states, not-
ing the connections between Euclidean geometry and Lorentzian entanglement.

This formalism provided us with the language to attack one of the most puzzling
questions in JT gravity: the puzzle of nonfactorization. Nonfactorization remains a possi-
ble violation to the traditional view of AdS/CFT, and challenges the limits of holography
in spacetimes with multiple conformal boundaries. Two primary interpretations of this

nonfactorization phenomenon were noted as the representative perspectives from the lit-
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erature, forming the core analytical landscape of this work. The first, proposed by Harlow
and Jafferis, approaches the problem primarily from a Lorentzian perspective.

We discussed their Lorentzian perspective on JT gravity as a well-defined quantum
system which fundamentally corresponds to a single boundary theory. From this per-
spective, the ontological status of boundary states was challenged — since not all pairs of
boundary states correspond to a bulk geometry, one ought not consider them as possible
realizations of distinct quantum systems. In section 6, we discussed the significance of
this condition with respect to typical entanglement, where individual states of an entan-
gled pair can be understood as independent entities.

The latter end of this thesis was devoted to the outlining and interpreting the work
of Saad Shenker and Stanford (SSS), who demonstrated a remarkable duality: The full,
asymptotic genus expansion in JT gravity is a precise dual to a specific double-scaled
matrix integral. As we have seen, this duality reinterprets nonfactorization as correla-
tion functions within an ensemble average of boundary Hamiltonians. This is a bold and
profound interpretation of Euclidean JT gravity, yet the full extent to which the “ensem-
ble” describes more fundamental physics present in generic theories of quantum gravity
remains uncertain.

This was the central focus of the final chapter, where we probed the individual contri-
butions to the chaos of JT gravity via an analysis of the “fine-grained” partition function.

A discussion on the dual mechanisms of chaos in the theory was provided, suggesting
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dependence on both the fine-grained Schwarzian microstates as well as the topological
divergence from which the ensemble-average was derived. As we have studied, the lat-
ter topological chaos is not tractable via perturbative techniques. As of now, the full

connection bulk and boundary complexity remains uncertain.

8.1 CONCLUDING REMARKS

Quantum gravity remains one of the deepest mysteries in theoretical physics. Due to the
incredible complexity of the gravitational path integral, many higher-dimensional scenar-
ios remain unsolvable with current techniques, leaving theoretical development scattered
across toy models from which broken pieces of insight have arisen. One such model,
Jackiw-Teitelboim (JT) gravity, has proved especially powerful in extracting analytic un-
derstanding about solvable modes of quantum gravity. Despite its topological nature,
Euclidean JT gravity’s nonfactorization on connected bulk geometries conlfict with tra-
ditional AdS/CFT holography: A bulk spacetime in JT gravity is no longer dual to a
tensor-product decomposition on the boundary.

The paradox of nonfactorization in JT gravity has resulted in conceptually strange
conclusions, namely the ensemble-averaged, random matrix dual. While conclusions
drawn of this duality vary within the literature, the ontological status of the ensemble
as a descriptor of JT gravity remains a question of paramount significance toward a more

complete understanding of holography and quantum gravity.
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A THE PETER-WEYL THEOREM

There is one more important theorem that will become useful later on, and it is the Peter-
Weyl theorem.

The Peter-Weyl theorem: If G is a compact, unitary group, then the space of all square-
integrable functions on G, L2(G), can be decomposed into a direct sum of unitary irre-

ducible representations of G. Formally this can be stated as

L*(G) ~ P vdimVx (A1)

e

Where V; is the representation space of 77, and the @ counts the multiplicity (degree)
of the irrep. Continuing with the connection to quantum mechanics, one can consider the
space of wavefunctions ¢ for a hydrogen atom. Since our Hamiltonian is rotationally-
invariant, we know ¢ ~ f(r)w(6, ). Let’s focus on the angle-dependent function, which
lives on a sphere of constant radius r. The group of three-dimensional rotations SO(3)
has a natural action on the sphere — it turns out that there is one irrep for each odd

dimension. That is, we have

f € L*(SO(3)) ~ P m(SO(3)) (A.2)
leEN
;2 SO(3) — GL(C?+1) (A.3)

Naturally, each 2/ 4- 1-dimensional representation has 2/ 4- 1 basis vectors, known as
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spherical harmonics. Thus,

m=1
Im(rm;) = Y anY/"(6,¢) (A.4)
m=—1
00 I
=YY a6, ¢) (A.5)
[=0m=-—1

This is the textbook formula for the radial part of the Hydrogen atom wavefunction!

In general, we are only interested in so-called “class functions”, a subset of the total
space of square-integrable functions over a compact, unitary group G. These are functions
which are invariant under conjugation of group elements, and arise when G represents a
gauge field which does not affect physical quantities under conjugation. Such functions
can be represented under a smaller basis: rather than requiring all of the irreps, we only
need the conjugation-invariant pieces, which, in the language of linear algebra, is simply

the trace of the representation. For a given representation 7t : G — GL(V), define

xr(g) = Tr(n(g)) (A.6)

To be the “character” of the representation. In addition to satisfying orthogonality

with one another, these characters form a basis for all class functions of G:

/G Xn(8)Xo(8) = dnp Orthogonality (A.7)
f S Lglass(G) = Z CnXm (AS)
et
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B THE WEIL-PETERSSON VOLUME

A necessary step in computing the contribution of a given topology to the JT gravity Eu-
clidean gravitational path integral is determining the total space of allowed bulk geomet-
ric configurations which satisfy the equations of motion. In the case of Euclidean JT grav-
ity, this amounts to defining the moduli space of a class of hyperbolic two-dimensional
manifolds with a given number of handles (g) and boundaries (n).

The Weil-Petersson volume is the object used in the SSS construction of the bulk, and
is defined on the moduli space of hyperbolic manifolds (M) of a given g-handled,
n-boundary topology. This descends from a quotient on the general space of hyper-
bolic manifolds (Teichmdiller space) under redundant bulk isometries (the Mapping class
group), however (for the sake of not writing a second thesis in this appendix) we will
avoid a derivation of this idea here. For an introduction to these volumes and their appli-
cations in physics see [75, 76].

The Weil-Petersson volume is then defined in terms of its similarly-named symplectic
form wwp = d¢ A dt;, which measures the area (in moduli space) between nearby hy-
perbolic moduli in terms of their geodesic “length” and “twisting”, which are written
formally as the Fenchel-Nielsen coordinates. To determine the volume, one must wedge

together k copies of wyp, where k = 3¢ — 3 + n is half the dimension of the moduli space.
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Explicitly, one has

3¢—3+n

w
VOlWP(Mg/n) = /M W (Bl)
8&n :

These integrals encode volume data which is found in the integrand of the SSS con-
struction, namely (6.13), however we wish to determine another structure on top of the
Weil-Petersson volume. As seen in the construction of the trumpet partition function,
one interpolates between the Casimir density of the Schwarzian modes and the “cutoff”
length of the minimal attaching geodesic. Hence, as a coefficient V; , (by, ..., by), we would
like to measure the bulk moduli volume parameterized by the minimal geodesics around
each boundary. In particular, when the boundaries are geodesic of fixed lengths by, . . ., by,
we may restrict the moduli volume M, , to those moduli which satisfy the above condi-
tion. Hence,

3¢—3+n

w
Vo, (by, ... by :/ _Ywe B.2
& (b ) Mg n(by,...bn) (3g—3+n)! (B.2)

Gives the Weil-Petersson volume useful for our discussion. Note that explicit com-
putations of these volumes is in practice done via a recursive structure discovered by
Mirzakhani [63]. In the gravitational path integral, they provide the weight associated to
a given bulk topology and boundary conditions. Throughout our treatment of JT gravity,
the V; ,, appear naturally as the integration measure over moduli space at fixed genus and

number of boundaries.
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C CONFORMAL FIELD THEORIES

The essence of the study of field theories is the study of symmetry. Symmetry gives rise to
equations of motion, conserved currents, and charge. For example, one symmetry which
is always assumed is coordinate invariance: This gives rise to the conservation of the

stress energy tensor: Under a small perturbation 6g,,, the action changes as:

65 = [ d*x BT 5g (1)

For 6§ = 0 under a general coordinate transformation, one requires that V,,T#" = 0.
There is, however, a stricter requirement we can put on theories which are scale-invariant:
Such theories do not depend on lengths, and therefore have another symmetry associated

known as Weyl invariance:
Suv(x) = Q(x) gy (x) (C.2)

This symmetry is infinite-dimensional, and corresponds to another equation of mo-
tion, Tﬁ = 0. Theories which possess both of these symmetries are known as conformally
invariant, and Weyl transformations on these theories are known as conformal transfor-

mations.
C.1 CONFORMAL TRANSFORMATIONS

How does one classify the space of conformal transformations? Without going into too

much detail, we ground intuition the case in R?, and then move to two-dimensions.
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Consider an infinitesimal transformation x"# = x# + e/ (x). This distorts the metric in

the following way:

dxF
5 = S — 9y,€” (C.3)
68uv = — (€ + dvey) (C4)

If we assume € to be a Weyl (conformal) transformation, then 6g,, &« guv. Let’s call

this constant of proportionality w to represent an infinitesimal conformal transformation.
68wy = —(Ouev + dvey) = w(X)guv (C5)
Taking the trace of both sides then implies:
2 90

Which, in R3*!, will derive the Poincaré symmetries associated with boosts and rota-
tions, as well as two less-known symmetries: dilation and special conformal transforma-
tions. These symmetries form a group, SO(4,2), which contains the Poincaré group as a

subgroup.

C.1.1 THE VIRASORO ALGEBRA

Two-dimensional Conformal Field Theory is unique in that, if one redefines the coordi-

nates (x1, xp) such that

€E=¢€1+iey E=¢€1— i€ (C.7)

zZ=2x1—ixy Z=2x1+1ixp (C.8)
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Then the solutions to equation 3.9 are given by:
0,6(z,2) = 0d:¢(z,2) =0 (C.9)

Said another way, the space of conformal transformations is simply the space of all

holomorphic functions f(z) such that
z— f(z) z— f(2) (C.10)

To understand the behavior of these holomorphic functions, one considers infinitesi-
mal transformations of the form L, = —z"t19,, which induce a local transformation by

z — z — "1, Any infinitesimal transformation can be expressed as
Y _€nLyn +€nly (C.11)
n

Recall that for a conserved current %%, there is an associated charge Q:

Qz/wfwﬁ (C.12)

If we compactify the x;-direction such that x; ~ x; + 27, Q is conserved along a loop
around the cylinder. Returning to holomorphic coordinates, the charge Q can now be

expressed as

Q=5 &2 Lz2) — 42 )z, 2) (C.13)

Recall that for an infinitesimal translation, the current J(z) = T(z)e(z). Using the

contour-integral formalism, we now have a new basis for conserved charges. Using the

3We always will take xq to be time.
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L, basis for €, we can now express a basis of conserved currents
J'(z) = T()2 () = T(z)2"! (C.14)
Or, in terms of the L,-generators themselves,
L= % f dz 2" T(2), Tn= 7{ dz 27T (2) (C.15)

These generators satisfy the commutation relation

c

(L, Ln] = (1 — m) Ly yn + ﬁn(n2 — 1) 1m0 (C.16)

_ — c

L, Ly] = (n — m)Lygn + En(n2 —1)0mtn0 (C.17)
[Lm,fn] — O (C-].8)

The structure these L, generators form is known as the Virasoro Algebra, which is of
central importance to conformal field theory. The formula also reveals something shock-
ing about the algebra these generators form when one quantizes the CFT: They contain a

constant term with a proportionality constant c¢/12, the central charge of the theory.

D SYK MODEL AND EMERGENT AdS; SYMMETRY

The Saad-Shenker-Stanford (SSS) matrix integral introduced in Chapter 6 provides a
powerful nonperturbative description JT gravity as dual to a “specific double-scaled ran-
dom matrix integral”. To tie this to a physical theory, it is helpful to see a specific realiza-

tion described by said random matrix integral. The Sachdev—Ye—Kitaev (5YK) model is

110



the candidate theory in question: it is a 0+1-dimensional, strongly interacting theory can
be solved explicitly in the large N limit, and reproduces the Schwarzian action discussed
previously [14, 21, 68].

The model is surprisingly simple. Let ¢;(7)1<;<n represent N real Majorana fermions
with typical anticommutator relation {y;, ;} = J;j, and specify their interaction by the

Hamiltonian:

Hsyg = Y. Jijke Wi e (D.1)
1<i<j<k<t<N
_ ——  31J2
Jijke =0, L-ijg = N7 (D.2)

where the bar denotes an average. The SYK model is a disorder-averaged model, so
the interactions are drawn independently over a Gaussian ensemble. At finite N, the
model is non-integrable, however averaging allows for an explicit calculation of a propa-

gator G(1, 72) and a “self-energy” term %3°:

G(r ) = 3 DITw(mpi(m), E(m,w) = P6(n,w)° D3)

1
Which allows for an action functional in terms of these Schwinger functions. This is
similar to the action functional of the Ising model, only now we must include X as a “self-

energy” term to account for the non-Gaussian dynamics which are normally solvable

3More specifically, these are Schwinger Functions
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explicitly in the former.

Seit[G,X] = _g log det(d, — %) + N / dtd {zc - 14—2(;4} (D.4)

3]2

N
Son—shell[G] = —— log det [ ]2G3] /dTlde G(Tl, Tz) (D.5)

The on-shell solution is particularly illuminating, and can be understood as the large-
N limit after integrating out the self-energy term. In this limit, one finds that, in energy
scales w < ], the derivative term becomes negligible and the Schwinger-Dyson equa-

tions admit a solution given as:

1 sgnT

Cel0) = Gy 7 gjerr2

(D.6)

Which is conformally invariant under Diff " (S') symmetry in the IR limit [77, 21]:

2

T f(7): G, ) — (F(u)f' () Gl f(m) — f(m)). (D.7)

However, quantum effects break this infinite-dimensional symmetry down to the SL(2, R)
subgroup, leaving Schwarzian modes as the residual goldstone modes, where the action

of a Schwarzian reparameterization is identical to the JT gravity action up to constants,

Ssalf] = =72 [ v {£(1),7} D)

Becuase these modes emergy as the residual degrees of freedom only in the IR limit,
SYK is often referred to as possessing near-AdS,; (NAdS;) symmetry. Interestingly, cou-

pling SYK to weak, time-dependent sources produces correlation functions that match
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bulk geodesic distances in nearly-AdS; JT gravity, with the Schwarzian providing the
gravitational boundary action.

One can also see explicitly how the RMT dual theory averages over the SFF in the
context of SYK. The computation of Zgyk requires computing an asymptotic sum over
interactions between Majorana fermions, which reproduce the ribbon diagrams outlined
in section 6. In the finite N regime, the SFF exhibits erratic behavior at late times ¢, and
only in the N — oo limit do the ramp and plateau emerge as hallmarks of a disorder-
averaged system.

As N is taken to be large, the expansion takes the form

Z(B1) - Z N2 ZEP ({Ba}i ) (D.9)

Where Z"PPon j5 the contribution from a particular class of diagrams — this drawn on
the fact that, as we have seen, ribbon diagrams possess topological invariance based on
their number of holes and loops, allowing for a topological expansion over terms. This
averaged partition function then reproduces SFF of the ensemble-averaged JT gravity

expansion as computed in [1, 78]:
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Figure 12: An explicit realization of the SFF as computed in [78] for the case N = 34. Note that in the limit

of many realizations of J;jx;, one obtains the black line, which is the SFF found in the N — oo limit.

Where in the limit N — oo one has an equivalence

Z(B1)--Z(Bn) = ZEL({B}) (D.10)

To all orders in the ribbon diagram expansion. From the analysis done by [1, 78], the
SYK model has been shown to supply a microscopic quantum mechanical realization of
the random-matrix/JT gravity ensemble studied throughout this thesis. Its solvability
at large N, maximal chaos, and emergent Schwarzian dynamics suggest a nearly-perfect

boundary dual theory of NAdS, gravity.
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